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Constrained knots in lens spaces

FAN YE

We study a special family of .1; 1/ knots called constrained knots, which includes
2–bridge knots in the 3–sphere S3 and simple knots in lens spaces. Constrained
knots are parametrized by five integers and characterized by the distribution of spinc

structures in the corresponding .1; 1/ diagrams. The knot Floer homology 1HFK of
a constrained knot is thin. We obtain a complete classification of constrained knots
based on the calculation of 1HFK and presentations of knot groups. We provide
many examples of constrained knots constructed from surgeries on links in S3, which
are related to 2–bridge knots and 1–bridge braids. We also show many examples
of constrained knots whose knot complements are orientable hyperbolic 1–cusped
manifolds with simple ideal triangulations.
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1 Introduction

The main object studied in this paper is a special family of knots in lens spaces called
constrained knots. Every knot in a closed 3–manifold can be represented by a doubly
pointed Heegaard diagram .†; ˛; ˇ; z; w/ (see Ozsváth and Szabó [29, Section 2]),
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Figure 1: Left: a constrained knot in L.5; 2/. Right: a .1; 1/ diagram.

where† is a closed surface, ˛Df˛1; : : : ; ˛gg and ˇDfˇ1; : : : ; ˇgg are two collections
of gDg.†/ simple closed curves on†, and z and w are two basepoints on†�.˛[ˇ/.
Conversely, any doubly pointed Heegaard diagram defines a knot. Explicitly, the knot is
the union of an arc a connecting z tow on†�˛, pushed slightly into the ˛–handlebody,
and an arc b connecting w to z on †�ˇ, pushed slightly into the ˇ–handlebody.

Let T 2 be the torus obtained by the quotient map R2! T 2 that identifies .x; y/ with
.x Cm; y C n/ for m; n 2 Z. Suppose p and q are integers satisfying p > 0 and
gcd.p; q/D 1. Let ˛0 and ˇ0 be two simple closed curves on T 2 obtained from two
straight lines in R2 of slopes 0 and p=q. Then .T 2; ˛0; ˇ0/ is called the standard
diagram of a lens spaceL.p; q/. Let ˛1D˛0 and let ˇ1 be a simple closed curve on T 2

that is disjoint from ˇ0 and where Œˇ1�D Œˇ0� 2H1.T 2IZ/. Then .T 2; ˛1; ˇ1/ is also
a Heegaard diagram of L.p; q/. Let z and w be two basepoints in T 2�˛0[ˇ0[ˇ1.

The knot defined by the doubly pointed diagram .T 2; ˛1; ˇ1; z; w/ is called a con-
strained knot and the diagram is called the standard diagram of the constrained knot. We
will show that constrained knots are parametrized by five integers, which will be denoted
by C.p; q; l; u; v/. For technical reasons, the knot C.p; q; l; u; v/ is in L.p; q0/, where
qq0 � 1 .mod p/. An example is shown in Figure 1, left, where .T 2; ˛0; ˇ0/ is the
standard diagram of L.5; 2/ and .T 2; ˛1; ˇ1; z; w/ defines C.5; 3; 2; 3; 1/.

Roughly speaking, knots defined by doubly pointed Heegaard diagrams with g.†/D 1
are called .1; 1/ knots and the corresponding diagrams are called .1; 1/ diagrams; for
precise definitions see Section 2.1. These .1; 1/ knots are parametrized by four integers
(see Goda, Matsuda and Morifuji [14] and Rasmussen [37]), which will be denoted by
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W.p; q; r; s/; see Figure 1, right. After rotation, standard diagrams of constrained knots
are special cases of .1; 1/ diagrams. Moreover, the following proposition characterizes
constrained knots by the distribution of spinc structures on the ambient 3–manifold in
the corresponding .1; 1/ diagrams; for the definition of spinc structures see Ozsváth
and Szabó [29] and Rasmussen [38].

Proposition 1.1 Let K DW.p; q; r; s/ be a .1; 1/ knot in Y D L.a; b/ with a > 1,
and suppose .T 2; ˛; ˇ; z; w/ is the corresponding .1; 1/ diagram of K. Let fxig be
intersection points in ˛\ˇ, ordered by an orientation of ˛. Let si D sz.xi /2Spinc.Y /
be the spinc structures on Y corresponding to xi . The knot K is a constrained knot if
and only if :

(i) For k D jSpinc.Y /j.D a/, there are integers p1; : : : ; pk such that

0 < p1 < p2 < � � �< pk � p:

(ii) si D sj if and only if either i; j 2 .0; p1�[.pk; p�, or i; j 2 .pl ; plC1� for some
l 2 f1; : : : ; p� 1g.

A single knot can be represented by .1; 1/ knotsW.p1; q1; r1; s1/ andW.p2; q2; r2; s2/
with different parameters. For example, both W.5; 2; 1; 3/ and W.5; 2; 1; 0/ represent
the figure-8 knot in S3. There is no explicit classification of .1; 1/ knots byW.p; q; r; s/
to the author’s knowledge. However, it is possible to classify constrained knots by the
parametrization C.p; q; l; u; v/. In particular, the case C.1; 0; 1; u; v/ consists of 2–
bridge knots in S3 (see Proposition 3.5) and the case C.p; q; l; 1; 0/ consists of simple
knots in lens spaces (see Proposition 3.7). Schubert [41] and Rasmussen [38] classify
2–bridge knots and simple knots, respectively. The case C.p; q; 1; u; v/ consists of
connected sums of a core knot in a lens space and a 2–bridge knot (see Theorem 7.14).
For other constrained knots, the classification is given by:

Theorem 1.2 Suppose that .p1; q1; l1; u1; v1/ and .p2; q2; l2; u2; v2/ are two differ-
ent collections of integers satisfying , for i D 1; 2,

pi > 1; qi 2 Œ1; pi � 1�; li 2 Œ2; pi �; ui > 2vi > 0; ui is odd;

gcd.pi ; qi /D gcd.ui ; vi /D 1:

Then constrained knots C.pi ; qi ; li ; ui ; vi / represent the same knot if and only if

p1Dp2Dp; q1q2�1 .mod p/; l1; l22f2; pg and .l1; u1; v1/D .l2; u2; v2/:
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The hat version of knot Floer homology 1HFK.Y;K/ (see Ozsváth and Szabó [29] and
Rasmussen [36]) is a powerful invariant for a knot K in a closed 3–manifold Y . It
decomposes as the direct sum

(1) 1HFK.Y;K/D
M

s2Spinc.Y /

1HFK.Y;K; s/

with respect to spinc structures on Y . Moreover, the homology 1HFK.Y;K; s/ inherits
two Z–gradings, the Alexander grading and the Maslov grading, from the underlying
chain complex 1CFK.Y;K; s/.

Definition 1.3 A knot K � Y is called an s–thin knot if the difference of the Maslov
grading and the Alexander grading on 1HFK.Y;K; s/ is constant for homogeneous
elements. It is called a thin knot if it is an s0–thin knot for any s0 2 Spinc.Y /.

Thin knots defined as above generalize ı–thin knots in S3 (see Rasmussen [37]) and
Floer homological thin knots; see Manolescu and Ozsváth [23]. Examples of thin knots
include all quasialternating knots [23], in particular all 2–bridge knots.

Suppose K is a thin knot in S3 and s0 is the unique spinc structure on S3. Then the
minus version of the knot Floer chain complex CFK�.S3; K/D CFK�.S3; K; s0/
is determined by the Alexander polynomial �K.t/ and the signature �.K/ up to chain
homotopy; see Petkova [34]. For a compact 3–manifold M with torus boundary, there
exists a set of immersed curves bHF .M/ on @M � pt, called the curve invariant (see
Hanselman, Rasmussen and Watson [16; 17]) of M , which encodes the information of
Heegaard Floer theory in a diagrammatic way. Based on [17, Section 4; 34, Section 3],
it is easy to draw bHF .E.K// of the knot complement E.K/D S3 � intN.K/ for a
thin knot K � S3. Roughly speaking, it consists of figure-8 curves and a distinguished
curve.

For a .1; 1/ knot K � Y there is a combinatorial method to calculate the chain complex
CFK�.Y;K/; see Goda, Matsuda and Morifuji [14]. It applies well to 2–bridge knots
and also constrained knots. From the standard diagram of a constrained knot K � Y , if
we focus on intersection points corresponding to the same spinc structure s2 Spinc.Y /,
we can obtain an explicit relation between CFK�.Y;K; s/ and CFK�.S3; K 0; s0/,
where K 0 is some 2–bridge knot. In particular, for K D C.p; q; l; u; v/ � Y and
s 2 Spinc.Y /, the group 1HFK.Y;K; s/ is determined by Alexander polynomials of
2–bridge knots K1 D b.u; v/ and K2 D b.u� 2v; v/. Hence:
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Proposition 1.4 Constrained knots are thin.

Results about thin complexes in [34, Section 3] apply directly to CFK�.Y;K; s/ for a
constrained knotK�Y . Then we can draw the part of the curve invariant corresponding
to each spinc structure following the approach in [17, Section 4]. Similar to the case of
a 2–bridge knot, the curve invariant part consists of figure-8 curves and a distinguished
curve; see Figure 7.

To connect the distinguished curves of different parts, we should study the following
grading, which relates elements in 1HFK.Y;K; s/ for different spinc structures. The
total homology 1HFK.Y;K/ inherits a relative H1.E.K/IZ/–grading (see Rasmussen
[38, Section 3.3]):

(2) 1HFK.Y;K/D
M

h2H1.E.K/IZ/

1HFK.Y;K; h/:

This grading generalizes the Alexander grading on 1HFK.S3; K; s0/ and corresponds
to spinc structures on E.K/ with some boundary conditions; see Juhász [20, Section 4].
Under the map H1.E.K/IZ/!H1.Y IZ/, this grading reduces to the grading in (1).

Similar to the Alexander grading on 1HFK.S3; K; s0/, summands of 1HFK.Y;K/ in
the opposite H1.E.K/IZ/–gradings are isomorphic (see Section 3 of Ozsváth and
Szabó [29]), up to a global grading shift in H1.E.K/IZ/. This symmetry is called the
global symmetry. If it is not mentioned, this H1.E.K/IZ/–grading is also called the
Alexander grading, and denoted by gr.x/ 2H1.E.K/IZ/ for a homogeneous element
x 2 1HFK.Y;K/. To fix the ambiguity of the global grading shift, a specific grading
shift will be used so that under the global symmetry, the absolute value of the Alexander
grading is left invariant. The Alexander grading in this specific grading shift is called
the absolute Alexander grading. To be clear, when considering the Alexander grading
on 1HFK.Y;K; s/ mentioned before, the spinc structure s will be specified.

Following [38, Section 3.3], for a constrained knot, the Alexander grading can be
calculated from the standard diagram. The Alexander grading on 1HFK.Y;K/ indicates
an explicit way to connect different parts of the curve invariant. Then it is not hard
to draw the whole curve invariant of a constrained knot. As an application, much
information about the Heegaard Floer theory of a constrained knot can be obtained
from the curve invariant of the knot complement.

For a constrained knot K � Y and the corresponding 2–bridge knots K1 and K2
mentioned before, the symmetry on 1HFK.S3; Ki ; s0/ for i D 1; 2 induces a symmetry
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on 1HFK.Y;K; s/, which is called the local symmetry. For s 2 Spinc.Y /, the average
A.K; s/ of any two homogeneous elements x; y 2 1HFK.Y;K; s/ that are symmetric
under the local symmetry is called the middle grading of s:

A.K; s/D 1
2
.gr.x/C gr.y// 2H1.E.K/IZ/:

Theorem 1.5 For i D 1; 2 let Ki D C.pi ; qi ; li ; ui ; vi / be constrained knots in the
same lens space Y with ŒK1�D ŒK2� 2H1.Y IZ/. Consider the absolute Alexander
grading on 1HFK.Y;Ki /. Then there are isomorphisms

H1.E.K1/IZ/ŠH1.E.K2/IZ/ŠH1;

so that A.K1; s/D A.K2; s/ 2H1 for any s 2 Spinc.Y /.

Theorem 1.6 Suppose K is a knot in Y DL.p; q/. Let K 0 be a simple knot in the same
manifold Y with ŒK 0�D ŒK�2H1.Y IZ/. Consider the absolute Alexander gradings on
1HFK.Y;K/ and 1HFK.Y;K 0/. We know 1HFK.Y;K 0/ŠZp . If 1HFK.Y;K/ŠZp,
then there are isomorphisms H1.E.K/IZ/ŠH1.E.K 0/IZ/ŠH1, so that there is a
one-to-one correspondence between generators of 1HFK.Y;K/ and 1HFK.Y;K 0/ with
the same absolute Alexander grading in H1.

Theorem 1.6 provides a clue for the following conjecture, which is related to Berge’s
conjecture [2] claiming that any knot in S3 admitting lens space surgeries falls into
Berge’s list.

Conjecture 1.7 (Baker, Grigsby and Hedden [1] and Hedden [19]) Suppose K is a
knot in Y D L.p; q/. If 1HFK.Y;K/Š Zp, then K is a simple knot, ie a .1; 1/ knot
W.p0; q0; r 0; s0/ with q0 D 0.

Though constrained knots are defined by doubly pointed Heegaard diagrams, there are
many other ways to construct constrained knots, at least for some special families of
parameters. In the following, we introduce two approaches based on Dehn surgeries on
links in S3.

The first approach is inspired by the relation between knot Floer homologies of con-
strained knots and 2–bridge knots. A magic link is a 3–component link as shown in
Figure 2, left, whereK0 is a 2–bridge knot, andK1 andK2 are unknots. Dehn surgeries
on K1 and K2 induce a lens space, in which K0 becomes a knot K 00.

Algebraic & Geometric Topology, Volume 23 (2023)
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Figure 2: Left: magic link. Right: 1–bridge braid.

Theorem 1.8 Suppose that integers p and q satisfy p > q > 0 and gcd.p; q/ D 1.
Suppose integers n1, n2 and l satisfy

n1 2

�
0;
p

q

�
; n2 2

�
0;

p

p� q

�
;

l 2 fn1qC 1; p�n1qC 1; n2.p� q/C 1; p�n2.p� q/C 1g:

Let LDK0[K1[K2 be a magic link with K0Db.u; v/. Then the knot C.p; q; l; u; v/
is equivalent to the knot K 00 obtained by performing some Dehn surgeries on K1

and K2.

The second approach arises from 1–bridge braids. Suppose the solid torusH DS1�D2

is embedded in R3 � S3 in a standard way, and suppose K1 is the core of S3�H . Let
K0�H be a 1–bridge braid; see Gabai [12; 13]. Then LDK0[K1 is a 2–component
link in S3; an example is given in Figure 2, right. Dehn filling along a simple closed
curve on @H is equivalent to Dehn surgery on K1. The resulting manifold is a lens
space and K0 becomes a knot K 00 in the lens space. A knot K 00 constructed from this
approach is called a 1–bridge braid knot.

Theorem 1.9 The knots C.p; q; l; u;˙1/ are equivalent to 1–bridge braid knots ,
where C.p; q; l; u;�1/ means C.p; q; l; u; u� 1/.

Other than Dehn surgeries, constrained knots can also be constructed by Dehn filling
the boundary of (orientable hyperbolic) 1–cusped manifolds. Many 1–cusped manifolds
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are knot complements of constrained knots. SnapPy by Culler, Dunfield and Weeks [7]
provides a list of 59 068 1–cusped manifolds admitting ideal triangulations with at most
nine tetrahedra. Using the code in Ye [45], we show 21 922 of them are complements of
constrained knots. Table 1 shows examples of 1–cusped manifolds that are complements
of constrained knots. The names of manifolds in the table are from SnapPy. The slopes
in the table are considered in the basis from SnapPy and the integers indicate the
parametrization of the constrained knot that is equivalent to the core of the filling solid
torus. For example, Dehn filling along the curve of slope 1=0 on the boundary of m003
gives C.10; 3; 3; 1; 0/. If different parametrizations correspond to the same knot (see
Theorem 1.2), we only show one collection of parameters. The complete list can be
found in [45].

Proposition 1.10 Curve invariants bHF .M/ of knot complements M of all 1–cusped
manifolds that have ideal triangulations with at most 5 tetrahedra can be drawn explic-
itly , except the manifolds in Table 2.

Proof There are 286 orientable 1–cusped manifolds that have ideal triangulations with
at most five ideal tetrahedra. Of these, 232 manifolds are complements of constrained
knots, whose curve invariants can be calculated by the method in Section 4. Other
than examples from constrained knots, 37 manifolds are Floer simple (by the list in
Dunfield [10]), whose curve invariants can be calculated by the approach in Hanselman,
Rasmussen and Watson [17, Section 1]. Other manifolds are listed in Table 2 (.1; 1/
parameters are from Dunfield’s code [45]). The chain complex CFK�.Y;K/ of a
.1; 1/ knot can be calculated by the method in Goda, Matsuda and Morifuji [14]. Then
the curve invariant can be calculated by [17, Section 4]. Note that chain complexes of
820, 942 and 946 in the table were calculated in Ozsváth and Szabó [32].

It is known that a 2–bridge knot b.u; v/ is a torus knot if vD 1 or vD u�1. The latter
case is written as v D�1. If v ¤˙1, the 2–bridge knot b.u; v/ is hyperbolic, that is,
the interior of the knot complement admits a hyperbolic metric of finite volume. We
may generalize the results about 2–bridge knots to constrained knots. Note that the
knot complement of a torus knot is a Seifert fibered space.

Theorem 1.11 If C.p; q; l; u; v/ has Seifert fibered complement , then v D˙1.

Since C.p; q; 1; u; v/ is a connected sum of two knots, there is an essential torus in the
knot complement, and hence C.p; q; 1; u; v/ is not hyperbolic. Using the code in [45]
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name slopeC .p; q; l; u; v/

m003 .1; 0/C .10; 3; 3; 1; 0/; .�1; 1/C .5; 4; 5; 3; 1/; .0; 1/C .5; 4; 5; 3; 1/

m004 .1; 0/C .1; 0; 1; 5; 2/

m006 .0; 1/C .15; 4; 2; 1; 0/; .1; 0/C .5; 3; 4; 3; 1/

m007 .1; 0/C .3; 1; 2; 3; 1/

m009 .1; 0/C .2; 1; 2; 5; 2/

m010 .1; 0/C .6; 5; 6; 3; 1/

m011 .1; 0/C .13; 3; 3; 1; 0/; .0; 1/C .9; 4; 9; 3; 1/

m015 .1; 0/C .1; 0; 1; 7; 2/

m016 .0; 1/C .18; 5; 3; 1; 0/; .�1; 1/C .19; 7; 2; 1; 0/

m017 .0; 1/C .14; 3; 5; 1; 0/; .�1; 1/C .21; 8; 21; 1; 0/; .1; 0/C .7; 5; 6; 3; 1/

m019 .0; 1/C .17; 5; 4; 1; 0/; .1; 1/C .11; 7; 11; 3; 1/; .1; 0/C .6; 5; 5; 3; 1/

m022 .1; 0/C .7; 6; 7; 3; 1/

m023 .1; 0/C .3; 1; 3; 5; 2/

m026 .0; 1/C .19; 4; 2; 1; 0/; .1; 0/C .8; 3; 7; 3; 1/

m027 .1; 0/C .16; 3; 3; 1; 0/; .0; 1/C .13; 4; 13; 3; 1/

m029 .1; 0/C .5; 2; 3; 3; 1/

m030 .1; 0/C .7; 4; 5; 3; 1/

m032 .1; 0/C .1; 0; 1; 9; 2/

m033 .0; 1/C .18; 5; 5; 1; 0/; .1; 0/C .9; 7; 8; 3; 1/

m034 .1; 0/C .4; 1; 3; 3; 1/

m035 .1; 0/C .4; 1; 2; 3; 1/

m036 .�1; 1/C .21; 8; 2; 1; 0/; .1; 0/C .3; 2; 3; 5; 1/

m037 .1; 1/C .24; 7; 2; 1; 0/; .1; 0/C .8; 5; 6; 3; 1/

m038 .1; 0/C .3; 2; 3; 5; 2/

m039 .1; 0/C .4; 1; 4; 5; 2/

m040 .1; 0/C .8; 7; 8; 3; 1/

m043 .0; 1/C .25; 7; 24; 1; 0/; .�1; 1/C .25; 9; 2; 1; 0/

m044 .0; 1/C .24; 7; 23; 1; 0/; .�1; 1/C .17; 10; 17; 3; 1/; .1; 0/C .7; 6; 5; 3; 1/

m045 .1; 0/C .2; 1; 2; 7; 2/

m046 .�1; 1/C .30; 11; 30; 1; 0/; .1; 0/C .10; 7; 8; 3; 1/

m047 .0; 1/C .23; 4; 2; 1; 0/; .1; 0/C .11; 3; 10; 3; 1/

m049 .1; 0/C .19; 3; 3; 1; 0/; .0; 1/C .17; 13; 17; 3; 1/

m052 .0; 1/C .26; 7; 3; 1; 0/; .1; 0/C .7; 5; 4; 3; 1/

m053 .1; 0/C .1; 0; 1; 11; 2/

m054 .0; 1/C .22; 5; 7; 1; 0/; .1; 0/C .11; 8; 9; 3; 1/

m055 .1; 0/C .23; 7; 5; 1; 0/; .0; 1/C .14; 11; 13; 3; 1/

Table 1: 1–cusped manifolds and constrained knots.
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name comments name comments

m136 no lens space filling m305 no lens space filling
m137 W.8; 2; 3; 1/� S1 �S2 m306 no lens space filling
m199 942 DW.9; 2; 2; 3/� S

3 m345 W.10; 3; 1; 5/� L.2; 1/

m201 10132 DW.11; 2; 1; 3/� S
3 m370 .1; 0/ filling gives L.8; 3/

m206 .1; 0/ filling gives L.5; 2/ m372 946 DPretzel.�3; 3; 3/� S3

m222 820 DW.9; 3; 0; 2/� S
3 m389 10139 DW.11; 3; 1; 4/� S

3

m224 11190 DW.13; 2; 1; 8/� S
3 m390 .1; 0/ filling gives L.7; 2/

m235 no lens space filling m410 no lens space filling
m304 W.12; 3; 0; 5/� L.2; 1/

Table 2: Exceptions of 1–cusped manifolds.

and the verify_hyperbolicity() function in SnapPy, we verified that C.p; q; l; u; v/ is
hyperbolic for p � 10, l > 1, u < 20 and v ¤˙1.

Conjecture 1.12 C.p; q; l; u; v/ with l > 1 and v ¤˙1 is hyperbolic.

Organization The remainder of this paper is organized as follows. In Section 2,
we collect some conventions and definitions in 3–dimensional topology, and facts
about .1; 1/ knots, simple knots and 2–bridge knots. In Section 3, we describe the
parametrization of constrained knots and prove Proposition 1.1. Many propositions
about constrained knots are also given in Section 3. In Section 4, an algorithm for the
knot Floer homology of a constrained knot is obtained, which induces Proposition 1.4
and the necessary part of Theorem 1.2. In Section 5, we study knots in the same
homology class and prove Theorems 1.5 and 1.6 by Turaev torsions of 3–manifolds. In
Section 6, we finish the proof of Theorem 1.2 by constructing isomorphisms between
fundamental groups of knot complements and applying the fact that knots are determined
by their fundamental groups. The last three sections discuss magic links, 1–bridge
braid knots and SnapPy manifolds, respectively.
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2 Preliminaries

We begin with basic conventions. For r 2 R, let dre and brc denote the minimum
integer and the maximum integer satisfying dre � r and brc � r , respectively. For a
group H , let TorsH denote the set of torsion elements in H .

If it is not mentioned, all manifolds are smooth, connected and oriented, and orientations
of knots are omitted. The fundamental group of a manifold M is denoted by �1.M/,
where the basepoint is omitted. For a submanifold A in a manifold Y , let N.A/ denote
the regular neighborhood of A in Y and let intN.A/ denote its interior. Suppose Y is
a closed 3–manifold and K is a knot in Y . Let E.K/D Y � intN.K/ denote the knot
complement of K.

For a simple closed curve ˛ on a surface †, let Œ˛� denote its homology class in
H1.†IZ/. If it is clear, we do not distinguish ˛ and Œ˛�. The algebraic intersection
number of two curves ˛ and ˇ on a surface † is denoted by Œ˛� � Œˇ� or ˛ �ˇ, while the
number of intersection points of ˛ and ˇ is denoted by j˛\ˇj.

A basis .m; l/ ofH1.T 2IZ/ always satisfiesm�lD�1. SupposeK is a knot in a closed
3–manifold Y . A basis of @E.K/ means a basis of H1.@E.K/IZ/ŠH1.T 2IZ/. In
practice, there are two standard choices of the basis of @E.K/:

(i) Let m and l be simple closed curves on @E.K/ such that Dehn filling along m
gives Y , m � l D�1, and the orientation of m is determined from the orientation
of K by the “right-hand rule”. The curves m and l are called the meridian and
the longitude of the knot K, respectively. The basis .m; l/ is called the regular
basis of @E.K/.

(ii) Let m� and l� be simple closed curves on @E.K/ such that l� represents the
generator of Ker.H1.E.K/IQ/ ! H1.Y IQ// and m� � l� D �1. They are
called the homological meridian and the homological longitude of the knot K,
respectively. The basis .m�; l�/ is called the homological basis of @E.K/.

The choices of l andm� are not unique. The longitude l is isotopic toK, whilem� does
not have any geometric meaning. Sometimes (eg for knots in S3) these two choices of
the basis are equivalent. If it is not mentioned, we choose the regular basis .m; l/ as
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the basis of @E.K/. The slope p=q of a Dehn surgery indicates that the meridian of
the filling solid torus is glued to the curve corresponding to pmC ql .

Suppose M is an oriented manifold. Let �M denote the same manifold with the
reverse orientation, called the mirror manifold of M . Suppose K is an (oriented)
knot in a 3–manifold M . Then it is specified by the knot complement E.K/ and the
(oriented) meridian m of the knot. The mirror image of K is the knot in �M specified
by .�M;�m/.

When mentioning that Y D L.p; q/ is a lens space, we always suppose that p and q
are integers satisfying gcd.p; q/D 1 and .p; q/¤ .0; 1/. In particular, the manifold
S1 �S2 is not considered as a lens space. The lens space is oriented as follows. Let
.T 2; ˛0; ˇ0/ be the standard diagram of a lens space. Then the orientation on the
˛0–handlebody is induced from the standard embedding of a solid torus in R3. With
this convention, the lens space L.p; q/ is obtained from the p=q Dehn surgery on the
unknot in S3.

We recall some definitions about knots in closed 3–manifolds. Suppose K is a knot in
a lens space Y .

The knot K is called a trivial knot or an unknot if it bounds a disk embedded in Y .
It is called a core knot if E.K/ is homeomorphic to a solid torus. It is called a split
knot if Y contains a sphere which decomposes Y into a punctured lens space and a
ball containing K in its interior. It is called a composite knot if Y contains a 2–sphere
S which intersects K transversely in two points and S \E.K/ is @–incompressible in
E.K/. It is called a prime knot if it is not a composite knot.

The torus T 2 � Y in the standard diagram .T 2; ˛0; ˇ0/ is called the Heegaard torus
of Y . The knot K is called a .p; q/ torus knot in Y if K can be isotoped to lie on the
Heegaard torus as an essential curve with slope p=q in the standard diagram of Y . The
unknot is considered as a torus knot. Complements of torus knots in lens spaces are
Seifert fibered spaces.

The knot K is called a satellite knot if E.K/ has an essential torus. For q > 1, the
space Cp;q is obtained by removing a regular fiber from a solid torus with a .p; q/
fibering, which is called a cable space of type .p; q/. The knot K is called a .p; q/
cable knot on K0 if K0 is knot in Y such that E.K/ D E.K0/[Cp;q . In this case,
the knot K lies as an essential curve on @N.K0/, and K is neither a longitude nor a
meridian of K0. It is well-known that composite knots are satellite knots. A cable knot
on K0 with E.K0/ having an incompressible boundary is also a satellite knot.
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2.1 .1; 1/ knots

In this subsection, we review some facts about .1; 1/ knots. Proofs are omitted.

A knot K in a closed 3–manifold Y has tunnel number one if there is a properly embed-
ded arc 
 in E.K/ such that E.K/�N.
/ is a genus two handlebody. Equivalently,
the knot complement E.K/ admits a genus two Heegaard splitting. The arc 
 is called
an unknotting tunnel for K. A properly embedded arc 
 in a handlebody H is called a
trivial arc if there is an embedded disk D �H such that @D D 
 [ .D \ @H/. The
disk D is called the canceling disk of 
 . A knot K in a 3–manifold Y admits a .1; 1/
decomposition if there is a genus one Heegaard splitting Y DH1 [T 2 H2 such that
K\Hi is a properly embedded trivial arc ki in Hi for i D 1; 2. In this case, Y is either
a lens space (including S3), or S1 �S2. A knot K that admits a .1; 1/ decomposition
is called a .1; 1/ knot. We do not consider .1; 1/ knots in S1�S2. Note that any .1; 1/
knot has tunnel number one.

Proposition 2.1 [44, Proposition 3.2] If a nontrivial knot in a lens space has tunnel
number one , then the complement is irreducible. Consequently , the complement is a
Haken manifold.

Doubly pointed Heegaard diagrams parametrize their corresponding .1; 1/ knots. The
orientation of the knot is unimportant in this paper so we may swap the two basepoints.

Proposition 2.2 [14; 37] For p; q; r; s 2N satisfying 2qCr � p and s < p, a .1; 1/
decomposition of a knot determines and is determined by a doubly pointed Heegaard
diagram. After isotopy , such a diagram looks like .T 2; ˛; ˇ; z; w/ in Figure 1, right ,
where p is the total number of intersection points , q is the number of strands around
each basepoint , r is the number of strands in the middle band , and the i th point on the
right-hand side is identified with the .iCs/th point on the left-hand side.

LetW.p; q; r; s/DW.p; q; r; s/C denote the .1; 1/ knot defined by Figure 1, right, and
let W.p; q; r; s/� denote the knot defined by the diagram that is vertically symmetric
to Figure 1, right. These doubly pointed Heegaard diagrams are called .1; 1/ diagrams.
In the diagrams, strands around basepoints are called rainbows and strands in the bands
are called stripes. The roles of the curves ˛ and ˇ here are different from in [37]. For
the same parameters, the knot W.p; q; r; s/ is the mirror image of K.p; q; r; s/ in [37].

Proposition 2.3 There are relations among .1; 1/ knots:

(i) W.p; q; r; s/C is the mirror image of W.p; q; r; p� s/�.
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(ii) W.p; q; r; s/C is equivalent to W.p; q; p� 2q� r; s� 2q/�.

Thus , we know thatW.p; q; r; s/C is the mirror image ofW.p;q;p�2q�r;p�sC2q/C.

Proof The first relation is from the vertical symmetry. The second relation is from
redrawing the diagram so that the lower band becomes the middle band and the middle
band becomes the lower band.

Definition 2.4 For a closed 3–manifold Y , consider the hat version of Heegaard Floer
homology bHF .Y / defined in [31]. A closed 3–manifold Y is called an L-space if
bHF .Y; s/Š Z for any s 2 Spinc.Y /. A knot K in an L-space Y is called an L-space
knot if a nontrivial Dehn surgery on K gives an L-space.

Theorem 2.5 [15, Theorem 1.2] A .1; 1/ knot is an L-space knot if and only if , in
the corresponding .1; 1/ diagram with any orientation of ˇ, all of rainbows around a
fixed basepoint are oriented in the same way.

Definition 2.6 [38, Section 2.1] Let .T 2; ˛0; ˇ0/ be the standard Heegaard diagram
of L.p; q/ and let Pi for i 2Z=pZ be components of T 2�˛0[ˇ0, ordered from left to
right. Let z 2 P1 and w 2 PkC1 be two points. The knot defined by .T 2; ˛0; ˇ0; z; w/
is called a simple knot, and is denoted by S.p; q; k/ (or by K.p; q; k/ in [38]). The
orientation of the knot is induced by the orientation of the arc connecting z to w.

Proposition 2.7 [38, Lemma 2.5] There are relations among simple knots S.p; q; k/:

(i) S.p; q;�k/ is the orientation-reverse of S.p; q; k/.

(ii) S.p;�q;�k/ is the mirror image of S.p; q; k/.

(iii) S.p; q; k/Š S.p; q0; kq0/, where qq0 � 1 .mod p/.

Note that a simple knot is homotopic to an immersed curve on T 2. The homology class
ŒS.p; q; k/� in H1.L.p; q/IZ/ is kŒb�, where b is the core curve of the ˇ0–handlebody.
The simple knots S.p; q; k1/ and S.p; q; k2/ represent the same homology class if and
only if k1 � k2 .mod p/. Thus, there is no relation other than those in Proposition 2.7.

2.2 2–Bridge knots

In this subsection, we review some facts about 2–bridge links from [6; 25; 35].
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a1

a2

a3

:::
:::

:::

w x yz
˛1˛2

ˇ1

Figure 3: Left: 2–bridge. Center: b.3; 1/. Right: diagram of E.b.3; 1//.

Definition 2.8 Suppose h is the height function given by the z–coordinate in R3� S3.
A knot or a link in S3 is called a 2–bridge knot or a 2–bridge link if it can be isotoped
in a presentation so that h has two maxima and two minima on it. Such a presentation
is called the standard presentation of the knot.

A 2–bridge link has two components. Each component is equivalent to the unknot.
Suppose integers a and b satisfy gcd.a; b/D 1 and a > 1. For every oriented lens space
L.a; b/, there is a unique 2–bridge knot or link whose branched double cover space is
diffeomorphic to L.a; b/. Let b.a; b/ denote the knot or link related to L.a; b/. It is a
knot if a is odd, and a link if a is even. Thus, the classification of 2–bridge knots or
links depends on the classification of lens spaces [5]. For i D 1; 2, two 2–bridge knots
or links b.ai ; bi / are equivalent if and only if a1 D a2 D a and b1 � b˙12 .mod a/.

Suppose a=b is represented as the continued fraction

Œ0I a1;�a2; : : : ; .�1/
mC1am�D 0C

1

a1�
1

a2�
1

a3����

:

Moreover, suppose m is odd. The standard presentation of a 2–bridge knot or link
b.a; b/ looks like Figure 3, left, where the jai j for i 2 Œ1;m� represent numbers of
half-twists in the boxes, and signs of the ai represent signs of half-twists. Different
choices of continued fractions give the same knot or link. For any 2–bridge knot or
link, the numbers .�1/iC1ai can be all positive, which implies any 2–bridge knot or
link is alternating.

The knot or link b.a; b/ admits another canonical presentation known as the Schubert
normal form. It induces a Heegaard diagram of E.b.a; b// and a doubly pointed
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Heegaard diagram of b.a; b/. Figure 3, center, gives an example of the Schubert
normal form of b.3; 1/ and Figure 3, right, is the corresponding Heegaard diagram
of the knot complement. The corresponding doubly pointed Heegaard diagram is
obtained by replacing ˛2 by two basepoints, z and w. Two horizontal strands in the
Schubert normal form are arcs near two maxima in the standard presentation. Thus, two
1–handles attached to points w and z, and x and y in Figure 3, right, are neighborhoods
of these arcs.

Proposition 2.9 [35] Suppose KDb.a; b/with b odd and jbj<a. The symmetrized
Alexander polynomial �K.t/ and the signature �.K/ satisfy

�K.t/D t
� 1

2
�.K/

a�1X
iD0

.�1/i t
Pi

jD0.�1/
bib=ac

and �.K/D

a�1X
iD1

.�1/bib=ac:

Proposition 2.10 [8; 18] Let K be a .1; 1/ knot in a lens space. Then K is a split
knot if and only if K is the unknot. The knot K is a composite knot if and only if it is
a connected sum of a 2–bridge knot and a core knot of a lens space.

3 Parametrization and characterization

For a constrained knot K, there is a standard diagram .T 2; ˛1; ˇ1; z; w/ of K, defined
in the introduction. Based on standard diagrams, we describe the parametrization of
constrained knots. For integers p, q and q0 satisfying

gcd.p; q/D gcd.p; q0/D 1 and qq0 � 1 .mod p/

we know that L.p; q/ is diffeomorphic to L.p; q0/ [5]. Suppose .T 2; ˛0; ˇ0/ is the
standard diagram of L.p; q0/, ie the curve ˇ0 is obtained from a straight line of slope
p=q0 in R2, and suppose that the diagram .T 2; ˛1; ˇ1; z; w/ is induced by .T 2; ˛0; ˇ0/
as in the introduction. The curves ˛0 and ˇ0 divide T 2 into p regions, which are
parallelograms in Figure 1, left; see also Figure 4, left. A new diagram C is obtained
by gluing top edges and bottom edges of parallelograms. We can shape C into a square.
An example is shown in Figure 4, where p D 5, q D 3 and q0 D 2.

For i 2 Z=pZ, let Di denote rectangles in C , ordered from the bottom edge to the top
edge. Since qq0 � 1 .mod 1/ and we start with the standard diagram of L.p; q0/, we
know that the right edge of Dj is glued to the left edge of DjCq . The bottom edge eb
of D1 is glued to the top edge et of Dp . By definition of a constrained knot, the curve

Algebraic & Geometric Topology, Volume 23 (2023)



Constrained knots in lens spaces 1113

D1 D2D3 D4 D5

w

z

ˇ0

ˇ1

D1

D2

D3

D4

D5

et

eb

w

xt1 xt2 xt3

xb1 xb2 xb3
z

˛0 D ˛1

ˇ1
ˇ0

stripe rainbow

˛0 D ˛1

Figure 4: Heegaard diagrams of C.5; 3; 2; 3; 1/.

˛1 is the same as ˛0 and the curve ˇ1 is disjoint from ˇ0. Thus, in this new diagram C ,
the curve ˛1 is the union of p horizontal lines and ˇ1 is the union of strands which are
disjoint from vertical edges of Di for i 2 Z=pZ.

Similar to the definitions for .1; 1/ knots, strands in the standard diagram of a constrained
knot are called rainbows and stripes. Boundary points of a rainbow and a stripe are
called rainbow points and stripe points, respectively. A rainbow must bound a basepoint,
otherwise it can be removed by isotopy. Numbers of rainbows on eb and et are the
same since the numbers of rainbow points are the same. Without loss of generality,
suppose z is in all rainbows on eb and w is in all rainbows on et . Let xbi and xti for
i 2 Œ1; u� be boundary points on the bottom edge and the top edge, respectively, ordered
from left to right in Figure 4, right.

Lemma 3.1 The number u of boundary points on eb or et is odd. When uD 1, there
is no rainbow and only one stripe. When u> 1, there exists an integer v 2

�
0; 1
2
u
�

such
that one of the following cases happens:

(i) The set fxbi j i � 2vg[ fx
t
i j i > u� 2vg contains all rainbow points.

(ii) The set fxti j i � 2vg[ fx
b
i j i > u� 2vg contains all rainbow points.

Proof The algebraic intersection number of ˇ1 and eb is odd. Hence u is also odd. If
uD 1, then the argument is clear.

Suppose u > 1; we show the last argument in three steps. Firstly, if both xbi and xbj
are boundary points of the same rainbow R, then xb

k
for i < k < j are all rainbow
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points, otherwise the stripe corresponding to the stripe point xb
k

would intersect R.
Thus, rainbow points on eb are consecutive. The same assertion holds for xti .

Secondly, one of xb1 and xt1 must be a rainbow point. Indeed, if this were not true
then both xb1 and xt1 would be stripe points. They cannot be boundary points of the
same stripe, otherwise ˇ1 would not be connected. They cannot be boundary points of
different stripes, otherwise two corresponding stripes would intersect each other. Thus,
the assumption is false. Similarly, one of xbu and xtu must be a rainbow point.

Finally, if xb1 is a rainbow point then xbu cannot be a rainbow point, otherwise all points
would be rainbow points. As discussed above, the point xtu is a rainbow point. Since
the number of rainbow points on et is even, there exists an integer v satisfying case (i).
If xt1 is a rainbow point, similar argument implies there exists v satisfying case (ii).

When uD 1, after isotoping ˇ1, suppose the unique stripe is a vertical line in C�fz; wg.
By moving z through the left edge or the right edge if necessary, suppose basepoints z
and w are in different sides of the stripe. If z is on the left of the stripe, set v D 0. If z
is on the right of the stripe, set v D 1.

Then suppose u > 1. When in case (i) of Lemma 3.1, rainbows on eb connect xbi to
xb2vC1�i for i 2 Œ1; v�, rainbows on et connect xtuC1�i to xtu�2vCi for i 2 Œ1; v�, and
stripes connect xbj to xtuC1�j for j 2 Œ2vC 1; u�. When in case (ii) of Lemma 3.1,
the setting is obtained by replacing i and j by uC 1� i and uC 1� j , respectively.
Without loss of generality, suppose z is inD1, andw is inDl . Note that now basepoints
cannot be moved through vertical edges of C . Otherwise the rainbows would intersect
the vertical edges, which contradicts the definition of the constrained knot. Then
we parametrize constrained knots in L.p; q0/ by the tuple .l; u; v/ for case (i) and
.l; u; u� v/ for case (ii). Since ˇ1 is connected, we have gcd.u; v/D 1. In summary,
the following theorem holds:

Theorem 3.2 Constrained knots are parametrized by five integers .p; q; l; u; v/, where
p > 0, q 2 Œ1; p� 1�, l 2 Œ1; p�, u > 0, v 2 Œ0; u� 1�, gcd.p; q/D gcd.u; v/D 1 and
u is odd. Moreover , v 2 Œ1; u� 1� when u > 1 and v 2 f0; 1g when uD 1.

Note that the parameter v in Theorem 3.2 is different from the integer v in case (ii)
of Lemma 3.1. Intuitively, for v 2 Œ1; u� 1� in the parametrization .p; q; l; u; v/ with
u > 1, the number minfv; u� vg is the number of rainbows around a basepoint.

For parameters .p; q; l; u; v/, let C.p; q; l; u; v/ denote the corresponding constrained
knot. When considering the orientation, let C.p; q; l; u; v/C denote the knot induced by
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.T; ˛1; ˇ1; z; w/ and let C.p; q; l; u; v/� denote the knot induced by .T; ˛1; ˇ1; w; z/.
For q … Œ1; p� 1� and l … Œ1; p�, consider the integers q and l modulo p. If u > 1 and
v … Œ1; u� 1�, consider the integer v modulo u. For p < 0, let C.p; q; l; u; v/ denote
C.�p;�q; l; u; v/.

Remark 3.3 The knot C.p; q; l; u; v/ is in L.p; q0/, where qq0 � 1 .mod p/. Even
though L.p; q/ is diffeomorphic to L.p; q0/, constrained knots C.p; q; l; u; v/ and
C.p; q0; l; u; v/ are not necessarily equivalent. For example, Theorem 1.2 implies that
constrained knots C.5; 2; 3; 3; 1/ and C.5; 3; 3; 3; 1/ are not equivalent.

We now provide some basic propositions of constrained knots. Also, we indicate the
relationship of constrained knots with other families of knots mentioned in Section 2.

Proposition 3.4 C.p;�q; l; u;�v/ is the mirror image of C.p; q; l; u; v/ for u > 1.
C.p;�q; l; 1; 1/ is the mirror image of C.p; q; l; 1; 0/.

Proof This follows from the vertical reflection of the standard diagram.

Hence we only consider C.p; q; l; u; v/ with 0� 2v < u in the rest of the paper.

Proposition 3.5 C.1; 0; 1; u; v/Š b.u; v/:

Proof By cutting along ˛1 and a small circle around x in Figure 3, right, the doubly
pointed diagram of a 2–bridge knot can be shaped into a square. This proposition is
clear by comparing this diagram with the new diagram C related to C.1; 0; 1; u; v/.

Proposition 3.6 For any fixed orientations of ˛1 and ˇ1 in the standard diagram of
a constrained knot , intersection points xbi have alternating signs and adjacent strands
of ˇ1 in the new diagram C have opposite orientations.

Proof From a similar observation in the proof of Proposition 3.5, for C.p; q; l; u; v/,
the curve ˇ1 in the new diagram C is same as the curve ˇ in the doubly pointed
Heegaard diagram of b.u; v/. Thus, it suffices to consider the 2–bridge knot b.u; v/.
The Schubert normal form of b.u; v/ is the union of two dotted horizontal arcs behind
the plane and two winding arcs on the plane. Suppose 
 is one of the winding arcs.
Then ˇ1 D @N.
/ cuts the plane into two regions, the inside region intN.
/ and the
outside region R2�N.
/. Points x and y in Figure 3, right, are in different regions
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c1 c3

P1 P 01 P4

w
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y3
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˛0 D ˛1

ˇ0

ˇ1

a
m

m

w

z

˛0 D ˛1

ˇ0ˇ1

Figure 5: S.5; 2; 3/ Š C.5; 3; 2; 1; 0/C, where regions P1; P4 and P 01 are
indicated by shadow.

and points xbi are on the arc connecting x to y. Since regions on different sides of
ˇ1 must be different, the arc connecting x to y is cut by xbi into pieces that lie in the
inside region and the outside region alternately. For each piece of the arc, the endpoints
are boundary points of a connected arc in ˇ1. Thus, signs of xbi are alternating. The
orientations on strands of ˇ1 are induced by signs of xbi . Hence adjacent strands of ˇ1
have opposite orientations.

Proposition 3.7 For p; q; q0 2 Z satisfying qq0 � 1 .mod p/, there are relations

(i) S.p; q0; k/Š C.p; q; l; 1; 0/C, where k� 1� .l � 1/q0 .mod p/,

(ii) S.p; q0; k/Š C.p; q; l; 1; 1/C, where kC 1� .l � 1/q0 .mod p/.

Proof Consider curves ˛ D ˛0 D ˛1, ˇ0 and ˇ1 in the definition of a constrained
knot. When uD 1, the curve ˇ1 is parallel to ˇ0. Consider the new diagram C and
regions Di for i 2 Z=pZ as in Figure 4, right. Suppose components of T 2�˛[ˇ1
are Pi and components of T 2�˛[ˇ0 are P 0i , ordered from left to right as in Figure 5
so that z 2 P1 \P 01. Suppose yi are intersection points of ˛ and ˇ1 on the bottom
edge of P 0i . The strand ci D ˇ1 \P 0i connects yi to yiCq0 , so the strand ˇ1 \Dl in
the new diagram C is c1C.l�1/q0 . When vD 0, the other basepoint w is in P.l�1/q0C2,
so k � .l � 1/q0C 1 .mod p/. When v D 1, the other basepoint w is in P.l�1/q0 , so
k � .l � 1/q0� 1 .mod p/.
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Corollary 3.8 For p; q; q0 2 Z satisfying qq0 � 1 .mod p/, there are relations

(i) C.p; q; l; 1; 0/Š C.p; q; l C 2q; 1; 1/,

(ii) C.p; q; l; 1; 0/C Š C.p; q;�2qC 2� l; 1; 0/�,

(iii) C.p; q; l; 1; 0/ is the mirror image of C.p;�q; lC2q; 1; 0/Š C.p;�q; l; 1; 1/,

(iv) C.p; q; l; 1; 0/Š C.p; q0; q0l � 2q0C 2; 1; 0/,

(v) S.p; q; k/Š S.p; q0; kq0/Š C.p; q; k� qC 1; 1; 0/C.

Proof These relations follow from Propositions 2.7 and 3.7.

Corollary 3.9 The knot C.p; q;�qC 1; 1; 0/ is an unknot in a lens space. The knot
C.p; q; l; 1; 0/ for l D 1, �2qC 1, �qC 2 or �q is a core knot of a lens space.

Proof The unknot case is obtained by substituting k D 0 in case (v) of Corollary 3.8.
Note that S.p; q; 0/ is the unknot: the knot is isotopic to a circle bounding a disk
on T 2. The core knot cases are obtained by substituting k D ˙1;˙q in case (v) of
Corollary 3.8. Note that S.p; q; q/ is isotopic to a simple closed curve on T 2 that
intersects ˛ once, which also is isotopic to the core curve of the ˛–handlebody. By
Proposition 3.7, simple knots S.p; q;˙q/ and S.p; q;˙1/ are also core knots.

Proposition 3.10 For K D C.p; q; l; 1; 0/, we have a presentation of the homology

H1.E.K/IZ/Š hŒa�; Œm�i=.pŒa�C kŒm�/Š Z˚Z=gcd.p; k/Z;

where m is the circle in Figure 5, a is the core curve of ˛0–handle and k 2 .0; p�

satisfies k� 1� .l � 1/q�1 .mod p/.

Proof This follows from Proposition 3.7 and results in [38, Section 3.3].

Proposition 3.11 Suppose C.p; q; l; u; v/ is a constrained knot in L.p; q0/ with
0� 2v < u. Let qi 2 Œ0; p/ be integers satisfying qi � iq0 .mod p/ and let k 2 Œ1; p�
be the integer satisfying k� 1� .l � 1/q0 .mod p/. Moreover , let

n1 D #fi 2 Œ0; l � 1� j qi 2 Œ0; k� 1�g and n2 D #fi 2 Œ0; l � 1� j qi 2 Œ1; q0� 1�g:

Then C.p; q; l; u; v/ŠW.pu� 2v.l � 1/; v; uk� 2vn1; uq0� 2vn2/.

Proof The parameters .p � l C 1/u C .l � 1/.u � 2v/ D pu � 2v.l � 1/ and v
are from counting the numbers of intersection points and rainbows in the standard
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diagram of a constrained knot, respectively. Suppose that P 0i are components of
T 2 � ˛0 [ ˇ0 in the standard diagram of L.p; q0/, ordered from left to right so that
z 2 P 01. Similar to the proof of Proposition 3.7, we know w 2 P 0

k
. Then the parameter

.k�n1/uCn1.u� 2v/D uk� 2vn1 counts the number of stripes between rainbows
and the parameter .q0�n2/uCn2.u�2v/Duq0�2vn2 counts the twisting number.

Proof of Theorem 1.11 For a knot K in a lens space with Seifert fibered complement,
any Dehn surgery other than the one along homological longitude gives a Seifert fibered
space. By discussion in [39, Section 5], all oriented Seifert fibered spaces over RP2

are L-spaces and the classification of L-spaces over S2 is given by [39, Theorem 5.1].
Moreover, no higher genus Seifert fibered spaces are L-spaces. The classification in
[39, Theorem 5.1] indicates there are at least two Dehn fillings on the knot complement
that are L-spaces, ieK is always an L-space knot. By Proposition 3.11, we can transform
standard diagrams of constrained knots into .1; 1/ diagrams. By Proposition 3.6 and
Theorem 2.5, a constrained knot is an L-space knot if and only if .u; v/ D .1; 0/ or
.1; 1/, or u > 1 and v D˙1.

Proof of Proposition 1.1 The necessary part of the proposition follows directly from
the definition of constrained knots: the intersection points of ˛1 and ˇ1 between two
consecutive intersection points of ˛0 and ˇ0 correspond the same spinc structure on
the lens space, where ˛1, ˇ1, ˛0 and ˇ0 are curves in the standard diagrams of the
constrained knot and the lens space.

We prove the sufficient part of this proposition. For simplicity, intervals are considered
in Z=pZ. In particular, let .pk; p1� denote .0; p1�[ .pk; p�. Consider intersection
points xi for i 2 Œ1; p� as shown in Figure 1, right.

Firstly, spinc structures si are equal for all i 2 Œr C 1; r C 2q�. Indeed, for i 2 Œ1; q�,
the points xrCi and xrC2qC1�i are boundary points of a rainbow, that is there is
a holomorphic disk connecting xrCi to xrC2qC1�i . Thus srCi D srC2qC1�i . If
q D 1, this assertion is trivial. If q > 1 and the assertion did not hold, then there
must be an integer q0 and two spinc structures sA and sB such that si D sA for all
i 2 ŒrC q0; rC 2qC 1� q0� and sj D sB for all j … ŒrC q0; rC 2qC 1� q0�, which
implies aD 2. Since spinc structures of two boundary points of a stripe are different,
for all i 2 Œ2qC 1� s; p� s�, spinc structures si are different from sB . Thus si D sA
for all i 2 Œ2qC 1� s; p� s�. For i 2 Œ1; q�, points xi�s and x2qC1�i�s are boundary
points of a rainbow, so si�s D s2qC1�i�s . Since there are 2q0 points corresponding

Algebraic & Geometric Topology, Volume 23 (2023)



Constrained knots in lens spaces 1119

to sA, integers q0 should satisfy the inequality 2q0 >p�2q. For i 2
�
qCq0�

1
2
p; q

�
,

points xi�s and x2qC1�i�s correspond to sB . In particular, points xrC1 and xrC2q
are identified with x2qC1�i0�s and xi0�s for i0 D qC q0� 1

2
p, respectively. Let R1

be the rainbow with boundary points xrC1 and xrC2q , and let R2 be the rainbow with
boundary points x2qC1�i0�s and xi0�s . The union ofR1 andR2 becomes a component
of ˇ, which contradicts the assumption that ˇ only has one component.

We can similarly show that the spinc structures si are equal for all i 2 Œ1� s; 2q� s�.
From this discussion, for any i 2 Œ1; k�, we have

pi ¤ r C 1; r C 2; : : : ; r C 2q� 1; 1� s; 2� s; : : : ; 2q� 1� s:

Suppose yi for i 2 Œ1; k� are points on ˛ between xpi
and xpiC1. If pi ¤ r , r C 2q

or p, then pi and pi C 1 must be boundary points of two successive stripes. Suppose
xj and xjC1 are the other boundary points of these stripes, respectively. There must
be a point yj between xj and xjC1 because sj � sjC1 D spi

� spiC1 ¤ 0. Let bi be a
strand connecting yi to yj which is disjoint from ˇ.

Suppose pi D p. If r ¤ 0 and p� 2q� r ¤ 0 there are stripes connecting sp to sp�s
and connecting s1 to s2qC1�s , respectively. Thus sp�s�s2qC1�sD sp�s1¤ 0. There
is a point yj either between xp�s and x1�s or between x2q�s and x2qC1�s for some j .
Only one case will happen because the number of intersection points corresponding
to any fixed spinc structure is odd. Let bi be a strand connecting yi to yj which is
disjoint from ˇ. If either r D 0 or p � 2q � r D 0, by choosing different stripes,
sp�s � s2qC1�s ¤ 0 still holds. The point yj and the strand bi can also be found. By
a similar argument, this is also true for pi D r and r C 2q.

Let ˇ0 be the union of bi . Without considering basepoints, ˇ0 is isotopic to ˇ. Thus, it
has only one component. Finally, the curves ˇ0, ˛ and ˇ can be identified with ˇ0, ˛1
and ˇ1 in the definition of a constrained knot. Thus, we conclude that the (1,1) knot is
a constrained knot.

4 Knot Floer homology

Heegaard Floer homology is an invariant for closed 3–manifolds discovered by Ozsváth
and Szabó [30; 31]. It has been generalized to knot Flor homology [29; 36], sutured
Floer homology [20], bordered Floer homology [22] and immersed curves for manifolds
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with torus boundary [16; 17]. See [38, Section 3] for a brief review of knot Floer
homology for rationally null-homologous knots. See also [33].

In this section supposeKDC.p; q; l; u; v/ is a constrained knot in Y DL.p; q0/, where
qq0 � 1 .mod p/. Write H1 DH1.E.K/IZ/ and 1HFK.K/D 1HFK.Y;K/ for short.
For any homogeneous element x 21HFK.K/, let gr.x/2H1 be the Alexander grading
of x mentioned in the introduction. Note that the Alexander grading is well-defined up
to a global grading shift [11], ie up to multiplication by an element inH1. However, the
difference gr.x/�gr.y/ for two homogeneous elements x and y is always well-defined.
This difference can be calculated explicitly by the doubly pointed Heegaard diagram of
the knot by the approach in [38, Section 3.3].

Consider the group ring ZŒH1�. Two elements f1 and f2 in ZŒH1� are equivalent,
denoted by f1 � f2, if there exists an element g 2 ˙H1 such that f1 D gf2. For any
element h2H1, there is a grading summand 1HFK.K; h/ of 1HFK.K/ as in (2). There
is also a relative Z=2 grading on 1HFK.K/ induced by signs of the intersection numbers
in the Heegaard diagram (see [11, Section 2.4]) and related to the modulo 2 Maslov
grading on 1HFK.K; s/. This grading respects the Alexander grading and induces a Z=2

grading on 1HFK.K; h/. Then the Euler characteristic �.1HFK.K; h// is well-defined
up to sign. We can consider the (graded) Euler characteristic of 1HFK.K/:

�.1HFK.K//D
X
h2H1

�.1HFK.K; h// � h

D

X
h2H1

.rk 1HFKeven.K; h/� rk 1HFKodd.K; h// � h:

From the above discussion, we know �.1HFK.K// is an element in ZŒH1� up to
equivalence. For s 2 Spinc.Y /, we consider 1HFK.K; s/ as a subgroup of 1HFK.K/
so that it also has an H1–grading and �.1HFK.K; s// is also an element in ZŒH1� up
to equivalence.

For a constrained knot K, we will show 1HFK.K/ totally depends on �.1HFK.K//.
Explicitly this means that, for any h 2H1, the dimension of 1HFK.K; h/ is the same
as the absolute value j�.1HFK.K; h/j.
As shown in Figures 4 and 6, suppose ej is the top edge ofDj and xji is the intersection
point of ej and ˇ1 for j 2Z=pZ and i 2 Œ1; u.j /�. Let xjmiddleDx

j

.u.j /C1/=2
be middle

points. It is clear that sz.x
j1

i1
/Dsz.x

j2

i2
/ if and only if j1Dj2. For any integer j 2 Œ1; p�,

define sj D sz.x
j
middle/ 2 Spinc.Y /.
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ae1

e2

e3

e4

e5

m

m

x11

x2middle

x51 x52 x53

w

˛0 D ˛1

˛2 ˇ0

ˇ1

z

Figure 6: Heegaard diagram of E.C.5; 3; 2; 3; 1//.

Lemma 4.1 For K D C.p; q; l; u; v/ with u > 2v > 0, suppose k 2 .0; p� is the
integer satisfying k� 1� .l � 1/q�1 .mod p/. Define

k0 D

�
k� 2 if v is odd;
k if v is even:

Suppose d D gcd.p; k0/. Then there is a presentation of the homology H1:

H1 DH1.E.K/IZ/Š hŒa�; Œm�i=.pŒa�C k
0Œm�/Š Z˚Z=dZ;

where m is the circle in Figure 6 and a is the core curve of ˛0–handle.

Proof Suppose ˇ1 is oriented so that the orientation of the middle stripe is from
bottom to top. Let Œˇ1.p; q; l; u; v/� denote the homology class of ˇ1 corresponding
to C.p; q; l; u; v/. By Proposition 3.6, orientations of rainbows around a basepoint are
alternating. Note that moving all rainbows of ˇ1 across basepoints gives the diagram
of the simple knot C.p; q; l; 1; 0/. Then

Œˇ1.p; q; l; u; v/�C 2Œm�D Œˇ1.p; q; l; 1; 0/� if v is odd,

Œˇ1.p; q; l; u; v/�D Œˇ1.p; q; l; 1; 0/� if v is even.

Then this proposition follows from Proposition 3.10. Note that Œa� and Œm� correspond
to core curves of ˛1 and ˛2, and the relation in the presentation of H1 corresponds to
algebraic intersection numbers ˛1 �ˇ and ˛2 �ˇ; see Section 6 for the approach to obtain
a presentation of �1.E.K// and note that H1 is the abelianization of �1.E.K//.
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Lemma 4.2 (Proposition 1.4) For K D C.p; q; l; u; v/ with u > 2v � 0, suppose
H1 is presented as in Lemma 4.1. For any integer j 2 Œ1; p�, let sj D sz.x

j
middle/

for intersection points xjmiddle in Figure 6. Then for any j , the group 1HFK.K; sj / is
determined by its Euler characteristic.

Moreover , suppose integers u0 and v0 satisfy u0 D u� 2v and v0 � v .mod u0/. Let
�1.t/ and �2.t/ be Alexander polynomials of b.u; v/ and b.u0; v0/, respectively. Then

�.1HFK.K; sj //�
�
�1.Œm�/ if j 2 Œl; p�;
�2.Œm�/ if j 2 Œ1; l � 1�:

Proof For j 2 Œ1; p�, consider the edge ej and the intersection numbers xji of ej

and ˇ1 in the diagram C . Suppose .ej /0 is the curve obtained by identifying two
endpoints of ej . For j 2 Œl; p�, the diagram .T 2; .ej /0; ˇ1; z; w/ is the same as the
diagram of K1 D b.u; v/. For j 2 Œ1; l � 1�, by case (iii) of Lemma 7.8, the diagram
.T 2; .ej /0; ˇ1; z; w/ is isotopic to the diagram of K2 D b.u0; v0/. For the readers’
convenience, we sketch the proof.

The fact that u0 D u � 2v follows directly from the number of intersection points
of .ej /0 and ˇ1, which is the same as the number of stripes. Then we consider v0.
Let D D N.xpmiddle/ be a neighborhood of xpmiddle such that D contains all rainbows.
Consider the isotopy obtained by rotating D counterclockwise. If v > u0, after rotation
the resulting diagram has v�u0 rainbows. The formula for v0 follows by induction.

Since 2–bridge knots are alternating they are thin [28] in the sense of Definition 1.3. By
comparing the number of generators of 1CFK.Ki / for iD1; 2 from .T 2; .ej /0; ˇ1; z; w/

and the dimension of 1HFK.Ki / from the Alexander polynomial (see Proposition 2.9),
we know there is no differential on 1CFK.Ki /. This fact can also be shown by a direct
calculation following the method in [14]. Thus, the constrained knot K is also thin
and there is no differential on 1CFK.K; sj /. In particular, the group 1CFK.K; sj / is
determined by its Euler characteristic.

As discussed at the start of this section, the characteristic �.1HFK.K; sj // is an element
in H1 up to equivalence. Similar to the proof of [35, Lemma 3.4], for j 2 Œl; p�,

gr.xjiC1/� gr.xji /D Œm�
.�1/biv=uc

:

For j 2 Œ1; l � 1�, just replace u and v by u0 and v0 in the above formula, respectively.
Comparing the formula for the Alexander polynomial in Proposition 2.9, we conclude
the formula for �.1HFK.K; sj //.
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Lemma 4.3 Consider integers k and k0, and the presentation of H1 as in Lemma 4.1.
For j ¤ 0; l � 1,

gr.xjC1middle/� gr.xjmiddle/D

�
Œa�C Œm� if jq�1 � 1; : : : ; k� 2 .mod p/;
Œa� otherwise:

For l ¤ 1 and j D 0; l � 1,

gr.xjC1middle/� gr.xjmiddle/D

�
Œa�C Œm� if v is even;
Œa� if v is odd:

For l D 1,

gr.xjC1middle/� gr.xjmiddle/D

(
Œa�C Œm� if v is even;

Œa�� Œm� if v is odd:

Proof For simple knots, the proof is based on Fox calculus; see [38, Proposition 6.1].
For a general constrained knot and j ¤ 0; l � 1, the proof in [38] still works because
orientations of strands are alternating. The differences of gradings for j D0 and j D l�1
are the same because z and w are symmetric by rotation. The proof follows from

p�1X
jD0

gr.xjC1middle/� gr.xjmiddle/D 0 2H1 and pŒa�C k0Œm�D 0 2H1:

Corollary 4.4 Suppose K D C.p; q; l; u; v/ is a constrained knot in Y D L.p; q0/,
where qq0 � 1 .mod p/. For any integer j 2 Œ1; p�, let sj D sz.x

j
middle/ 2 Spinc.Y /

for intersection points xjmiddle in Figure 6. Then sjC1� sj only depends on p and q.

Proof By the map
H1.E.K/IZ/=.Œm�/!H1.Y IZ/;

the grading difference gr.xjC1middle/� gr.xjmiddle/ is mapped to sjC1 � sj , which only
depends on the image of Œa�.

Lemma 4.5 Consider b.u; v/ and b.u0; v0/ as in Lemma 4.2. Then

�.b.u0; v0//D

�
�.b.u; v// if v is even;
�.b.u; v//C 2 if v is odd:

Proof Consider standard presentations of 2–bridge knots in Section 2.2. It is easy to
see b.u; v/ and b.u0; v0/ form two knots in the skein relation. By the skein relation
formula of signatures of knots, we can conclude this lemma. Moreover, we provide
another proof based on the Alexander grading.
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By the algorithm of the Alexander grading, we have

gr.x1u0/� gr.x0u/D Œa�C Œm�:

From the rotation symmetry and the formula of the signature in Proposition 2.9,

gr.x0u/� gr.x0middle/D gr.x0middle/� gr.x01/D
1
2
�.b.u; v//Œm�;

gr.x1u0/� gr.x1middle/D gr.x1middle/� gr.x11/D
1
2
�.b.u0; v0//Œm�:

Then this lemma follows from these equations and Lemma 4.3.

Theorem 4.6 For a constrained knot K D C.p; q; l; u; v/, consider the Alexander
polynomials �1.t/ and �2.t/ in Lemma 4.2. Then 1HFK.K/ is determined by its
Euler characteristic , which is calculated by

(3) �.1HFK.K//D�1.Œm�/
pX
jDl

gr.xjmiddle/C�2.Œm�/

l�1X
jD1

gr.xjmiddle/:

Proof By the result of Lemma 4.2, we only need to consider the (relative) signs of
intersection points corresponding to different spinc structures. By Proposition 3.6, signs
of intersection points xji for fixed j are alternating. Since u and u0 D u� 2v are odd,
signs of xj1 and xj

u.j /
are the same, where u.j / is either u or u0 by Lemma 4.2. From

the diagram, signs of xj
u.j /

for j 2 Œ0; l� are the same and signs of xk1 for k 2 Œl; p� are
the same. Thus, we obtain (3).

All terms in (3) can be calculated by Lemmas 4.3 and 4.5. Thus, we obtain an algorithm
for 1HFK.K/ for a constrained knot K.

Let signs of xj1 be positive. The Alexander grading can be fixed by the global sym-
metry, ie we consider the absolute Alexander grading. Note that the global symmetry
corresponds to switching the roles of z and w, which is equivalent to a rotation of the
standard diagram of a constrained knot. Then we have

gr.xjmiddle/D� gr.x2l�jmiddle/ for any j:

In this assumption we may use square roots of elements in H1 to achieve the symmetry,
and the Euler characteristic �.1HFK.K// is a well-defined element in

�
1
2
Z
�
ŒH1� for

this case. The group 1HFK.K/ with the Alexander grading fixed as above is called the
canonical representative.
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Proof of the necessary part of Theorem 1.2 For i D 1; 2, ifKi DC.pi ; qi ; li ; ui ; vi /
are equivalent, then p1 D p2 D p and q1 � q˙12 .mod p/ by the classification of lens
spaces [5]. Suppose Y is the lens space containing K1 and K2. For i D 1; 2, consider
.u0i ; v

0
i / as in Lemma 4.2. By comparing knot Floer homologies, we know l1 D l2 and

u1 D j�b.u1; v1/.�1/j D j�b.u2; v2/.�1/j D u2;

u1� 2v1 D j�b.u01;v
0
1/
.�1/j D j�b.u02;v

0
2/
.�1/j D u2� 2v2:

Thus, we have .l1; u1; v1/ D .l2; u2; v2/ D .l; u; v/. Moreover, the sets of spinc

structures corresponding to b.u; v/ for two constrained knots should be the same. By
Corollary 4.4, it suffices to consider simple knots. Let sij be spinc structures related to
diagrams of Ki for i D 1; 2. Traveling along ˛1 of K1, middle points are in the order

x0middle; x
q1

middle; : : : ; x
.p�1/q1

middle :

Thus, we have
s1q1Cj

� s1j D s2jC1� s2j 2H
2.Y IZ/:

Then the following sets are the same:

fs1j � s10C s1j � s11 j j 2 Œl; p�g; fs
2
j � s20C s2j � s21 j j 2 Œl; p�g:

Equivalently, numbers in f0; q1; : : : ; .p � l/q1g should be consecutive congruence
classes modulop. By the following proposition, this can only happen when l 2f2; pg.

Proposition 4.7 Suppose that integers p, q and k satisfy 1<q <p�1, gcd.p; q/D 1
and 0�k <p�1. Then there exists an integer x such that the sets fx; xC1; : : : ; xCkg
and f0; q; : : : ; kqg can be identified modulo p if and only if k D 0; p� 2.

Proof If k D 0; p � 2, this proposition is trivial. Suppose k ¤ 0; p � 2. Assume
elements in sets are in Z=pZ in this proof. Define

T D f0; 1; : : : ; p� 1g; Sq D f0; q; : : : ; kqg and Sx D fx; xC 1; : : : ; xC kg:

Suppose Sq D Sx for some x and nD bp=qc � 2. If k � n, then the set Sq cannot
be identified with Sx . Thus k � n C 1 and f0; q; : : : ; nqg � Sq D Sx . Suppose
T�SxDfy; yC1; : : : ; yCp�k�2g, where yDxCkC1. Since .T�Sx/\Sq is empty
by assumption, the set T �Sx must be either a subset of fiqC1; iqC2; : : : ; .iC1/q�1g
for some integer i 2 Œ0; n� 1� or a subset of fnqC 1; nqC 2; : : : ; p � 1g. If q D 2,
then k D 0, which contradicts the assumption. Suppose q > 2. Since k ¤ 0; p� 2, we
know y; yC 1 2 T �Sx .
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If the first case happens with i D 0, then we know fqC1; qC2; : : : ; 2q�1g�Sx DSq
because n� 2. Since yCq; yC1Cq 2 fqC1; qC2; : : : ; 2q�1g, there exist different
integers k0; k1 2 Œ1; k� such that

yC q � k0q and yC 1C q � k1q .mod p/:

If k0 > k1, then k0 � 1 2 Œ1; k � 1� and y D .k0 � 1/q 2 S
q . If k0 < k1, then

k1� 1 2 Œ1; k� 1� and yC 1D .k1� 1/q 2 Sq . Both contradict the assumption.

If the first case happens with i > 0 or the second case happens, then there exist different
integers k0; k1 2 Œ1; k� such that

y � q � k0q and yC 1� q � k1q .mod p/:

If k0 > k1, then k1 C 1 2 Œ2; k� and y C 1 D .k1 C 1/q 2 S
q . If k0 < k1, then

k0C 1 2 Œ2; k� and y D .k0C 1/q 2 Sq . Both contradict the assumption.

In summary, for p >2q, there is a contradiction if k¤ 0; p�2. If p <2q and SqDSx ,
then we consider

Sp�q D f�x;�x� 1; : : : ;�x� kg D S�x�k :

Note that p > 2.p� q/. From a similar discussion, there is also a contradiction.

In the rest of this section, we indicate how to draw the curve invariant [16; 17] of the
knot complement of a constrained knot. Readers who are not familiar with the curve
invariant can safely skip the following discussion since there is no further result in this
paper relying on it.

Suppose that K D C.p; q; l; u; v/ is a constrained knot in Y D L.p; q0/, where
qq0� 1 .mod p/. Let M DE.K/. From the standard diagram of the constrained knot,
we know ŒK�D k0Œb� 2H1.Y IZ/, where b is the core curve of ˇ0–handle and k0 is
the integer in Lemma 4.1. Since K is thin, the curve invariant bHF .M/ can be drawn
as follows.

The curve invariant can be decomposed with respect to Spinc.M/, which is affine over
H 2.M IZ/. By Poincaré duality and the long exact sequence for .M; @M/, we know

jH 2.M IZ/jD jH1.M; @M IZ/jD jH1.M IZ/=Im.H1.@M IZ//jD jTorsH1.M IZ/j:

For simplicity, suppose H1.M IZ/Š Z. Then jSpinc.M/j D 1 and gcd.p; k0/D 1.

The curve invariant can be lifted to the universal cover R2 of @M . Suppose the basis is
.Œl��;�Œm��/, where the homological meridian m� (see Section 2) is chosen so that
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Figure 7: Part of the curve invariant of C.p; q; l; 11; 3/.

Œm�D pŒm��� k0Œl
�� for some k0 2 Œ0; p/. Consider parallel lines with slope p=k0

away from the basepoint on M . They cut R2 into bands. Suppose that lifts of the
basepoint are integer points and lie on a line with slope p=k0 in each band. Since
bHF .Y; s/Š Z for any s 2 Spinc.Y /, the curve invariant intersects each line once.

Based on the proof of Lemma 4.2, the chain complex 1CFK.K; s/ for any s2 Spinc.Y /
is similar to the chain complex related to a 2–bridge knot. Moreover, from the relation
of the standard diagram of K and the Heegaard diagram of a 2–bridge knot, the minus
version of the knot Floer chain complex CFK�.K; s/ is also related to CFK� of a
2–bridge knot. From the results in [34, Section 3] about thin complexes and the results
in [17, Section 4] about how to draw the curve invariant from CFK�, the part of
the curve invariant of K in a band is the union of some purple figure-8 curves and a
distinguished red arc as shown in Figure 7, which totally depends on the Alexander
polynomial and the signature of the related 2–bridge knot.

Lemma 4.8 Suppose H1.M IZ/Š Z and consider k0 and k0 as above. Suppose a
and b are core curves of ˛0 and ˇ0 handles corresponding to the standard diagram of
Y D L.p; q0/. Then k0q.k0/2 ��1 .mod p/. Hence k0 is determined by k0.

Proof The homology H1.M IZ/ is generated by Œm��. Let Qm� denote the image of
Œm�� in H1.Y IZ/. By Lemma 4.1, Œa� D �k0 Qm�. The relation Œb� D qŒa� implies
ŒK� D �q.k0/2 Qm�. Then a lift of ŒK� in H1.T 2IZ/ equals �q.k0/2Œm��C k1Œl��
for some k1. Since l is isotopic to K, we have ŒK� D Œl � 2 H1.T 2IZ/. Then since
Œm�D pŒm��� k0Œl

�� and Œm� � Œl �D Œm�� � Œl��D�1, we have

Œm� � Œl �D .pŒm��� k0Œl
��/ � .�q.k0/2Œm��C k1Œl

��/D .pk1� k0q.k
0/2/Œm�� � Œl��:

Hence we conclude the congruence result for k0.
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For i 2 Z=pZ, suppose Bi are bands in R2 mentioned above, ordered from left to
right. Suppose si 2 Spinc.Y / are spinc structures corresponding to Bi . Since the
slope of parallel lines is p=k0, the difference siC1 � si is k00 Qm

� for the integer k00
satisfying k0k00 ��1 .mod p/. By the above lemma, we have k00 � q.k

0/2 .mod p/.
By definition of k0 in Lemma 4.1, we have

�qk0 �

�
�q� l C 1 if v is even modulo p;
q� l C 1 if v is odd modulo p:

Since Œa�D�k0 Qm�, bands B�iqk0 for i 2 Œ1; l � 1� correspond to b.u0; v0/ and B�iqk0
for i 2 Œl; p� correspond to b.u; v/ in bHF .M/. Finally, the Alexander grading indicates
the relative height of the curves in bands and there is a unique way to connect curves
in different bands.

5 Knots in the same homology class

For fixed .p; q; u; v/ and each h 2H1.L.p; q0/IZ/ŠZ=pZ, where qq0� 1 .mod p/,
there is a parameter l 2 Œ1; p� such that C.p; q; l; u; v/ is a representative of h, ie
ŒC.p; q; l; u; v/�D h. In other words, for any knot K in L.p; q0/ there are infinitely
many constrained knots K 0 satisfying ŒK 0�D ŒK� 2H1.L.p; q0/IZ/.

In this section we focus on knots representing the same homology class in a lens space.
The main results are Theorems 1.5 and 1.6. Since we will not use the parameters
of a constrained knot, we denote a lens space by L.p; q/ rather than L.p; q0/ as in
other sections. Many results in this section are related to the Turaev torsion �.M/ of a
3–manifold M with torus boundary [42], which can be calculated by any presentation
of �1.M/. For simplicity, write �.K/D �.E.K//. The following proposition enables
us to compare elements in homology groups of different knot complements:

Proposition 5.1 [5] Let K be a knot in a 3–manifold Y . The isomorphism class of
the homology H1.E.K/IZ/ only depends on the homology class ŒK� 2H1.Y IZ/.

Suppose Y D L.p; q/ and K is a knot in Y . By Proposition 3.10, Lemma 4.1 and
Proposition 5.1, there exists a positive integer d satisfying H1.E.K/IZ/ŠZ˚Z=dZ.
Let m be the meridian of K in the sense of Section 2. Suppose t and r are generators
of Z˚Z=dZ such that

H1.E.K/IZ/Š ht; ri=.dr/:

Then there exist p0; a 2 Z such that the above isomorphism sends Œm� to p0t C ar .
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Lemma 5.2 The integer p is divisible by d , and p0 D˙p=d . Moreover , the greatest
common divisor of p0, d and a is 1.

Proof By the isomorphismH1.E.K/IZ/=.Œm�/ŠH1.Y IZ/, the orderp ofH1.Y IZ/
is the same as ˇ̌̌̌

det
��
p0 a

0 d

��ˇ̌̌̌
D jdp0j:

If the greatest common divisor of p0, d and a is not 1, then the Smith normal form of
this matrix cannot be �

1 0

0 p

�
because elementary transformations in the algorithm of the Smith normal form do not
decrease the common divisor of all entries.

Lemma 5.3 Let K1 and K2 be knots in Y DL.p; q/ representing the same homology
class h 2 H1.Y IZ/. Let m1 and m2 be meridians of K1 and K2 in the sense of
Section 2. For i D 1; 2, there are isomorphisms ji WH1.E.Ki /IZ/!Z˚Z=dZ such
that j1.Œm1�/D j2.Œm2�/.

Proof For i D 1; 2, by the discussion after Proposition 5.1, there exists an isomorphism
j 0i WH1.E.Ki /IZ/! Z˚Z=dZ such that

j 01.Œm1�/D p0t C ar and j 02.Œm2�/D p
0
0t C br:

Then it suffices to find an automorphism f of Z˚Z=dZ such that

f .p0t C ar/D p
0
0t C br:

By Lemma 5.2, the integers p0 and p00 are in fp=d;�p=dg. Let f0 be the automor-
phism of Z˚ Z=dZ sending .t; r/ to .�t; r/. If p0 D �p=d , the map j 01 can be
replaced by f0 ı j 01. The same assertion holds for p00. Without loss of generality,
suppose p0 D p00 D p=d . Let g D gcd.p0; d /, p0 D gp1 and d D gd0. Then
gcd.p1; d0/D 1, and there exist integers x0 and k0 satisfying x0p1C k0d0 D 1. By
Lemma 5.2, gcd.g; a/ D gcd.g; b/ D 1. There exist integers a0 and k1 satisfying
a0aCk1gD b and gcd.a0; g/D 1. Suppose x D .k1�k2a/x0 and y D k2gCa0 for
some integer k2. Then

xp0Cya� .k1� k2a/x0gp1C .k2gC a0/a

� .k1� k2a/.1� k0d0/gC .k2gC a0/a� k1gC a0a� b .mod gd0/:
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The map

f W Z˚Z=dZ! Z˚Z=dZ given by t 7! t C xr and r 7! yr

is an isomorphism if and only if gcd.y; d/D 1. Since f .t C ar/D t C .xp0Cya/r ,
this lemma follows from the next proposition.

Proposition 5.4 Suppose integers a0 and g satisfying gcd.a0; g/D 1. For any integer
d there exists an integer k2 satisfying gcd.y; d/D 1, where y D k2gC a0.

Proof If q is a prime number satisfying p j gcd.g; d/, then a0 is not divisible by q
and neither is y because gcd.a0; g/D 1. Then gcd.y; d/D gcd.y; d=q). Without loss
of generality, suppose gcd.g; d/D 1. By the Chinese remainder theorem, the following
congruence equations have a solution y:

y � a0 .mod g/; y � 1 .mod d/:

Then gcd.y; d/D 1. We know that k2 D .y � a0/=g satisfies the proposition.

From now on, let us fix isomorphisms j1 and j2 as in Lemma 5.3. Then the homology
classes of meridians and their images under ji for i D 1; 2 can be identified, ie Œm1�
and Œm2� are regarded as the same element Œm� in Z˚Z=dZ. The following is the key
lemma in this section, and is based on results in [42].

Lemma 5.5 Let K1 and K2 be two knots in Y D L.p; q/ representing the same
homology class. Let ji be the isomorphisms H1.E.Ki /IZ/Š Z˚Z=dZDH1 as
in Lemma 5.3. Then �.K1/� �.K2/ can be regarded as an element in ZŒH1�=˙H1.
Moreover , we have

�.K1/� �.K2/D .1� Œm�/g for some g 2 ZŒH1�=˙H1:

Proof Note that �.Ki / is not a priori an element in ZŒH1.E.Ki /IZ/�=̇ H1.E.Ki /IZ/

(see [42, Corollary II.4.3]). However, the difference �.K1/� �.K2/ is a well-defined
element in ZŒH1�=˙H1 under the isomorphisms of group rings induced by j1 and j2.
To resolve the ambiguity of ˙H1, we can choose an Euler structure and a homology
orientation on E.Ki / (see [42, Section I.1]). For any compact 3–manifold with torus
boundary, Euler structures are in one-to-one correspondence with spinc structures
related to the Alexander grading. For any closed 3–manifold, Euler structures are in
one-to-one correspondence with spinc structures on the manifold. We omit the choice

Algebraic & Geometric Topology, Volume 23 (2023)



Constrained knots in lens spaces 1131

of the homology orientation that determines the sign of �.Ki /, and only consider the
choice of the Euler structure for simplicity. For an Euler structure e on M , the Turaev
torsion �.M/ has a representative �.M; e/.

For i D 1; 2, let ei be Euler structures on E.Ki / inducing the same Euler structure eY

on Y . Adapting notation from [42, Section II.4.5], suppose the integer K.ei / satisfies

c.ei /D
ei

e�1i
2 tK.ei / TorsH1:

We can also consider c.ei / as the Chern class of the spinc structure on E.Ki / corre-
sponding to ei . Note that t is the generator of the free part of H1.

From the correspondence between Euler structures and spinc structures, it is possible
to choose ei so that K.e1/DK.e2/. In the proof of [42, Lemma II.4.5.1(i)], we have

�.E.Ki /; ei / 2
�†H1

t � 1
CZŒH1�;

where†H D†h2TorsH1
h, so �.K1; e1/��.K2; e2/2ZŒH1�. Also, in [42, Section II.4],

for a 3–manifold M with b1.M/D 1, the polynomial part Œ� �.M; e/ 2
�
1
2
Z
�
ŒH1� of

�.M; e/ is defined by

(4) Œ� �.M; e/D

�
�.M; e/C

†H1.M/

t � 1

�
�

�
t

1
2
.K.e/C1/ if K.e/ is odd;

t
1
2
K.e/

�
1
2
.t C 1/

�
if K.e/ is even:

By [42, Remark II.4.5.2], for any Euler structure e onM , the polynomial part Œ� �.M; e/
is in the kernel of the map aug WZŒH1�!Z that sends elements in H1 to 1 2Z. Thus,

aug.�.K1; e1/� �.K2; e2//D aug.Œ� �.K1; e1/� Œ� �.K2; e2//D 0:

By the m D 1 case in [42, Theorem X.4.1], since the map � W QŒH1�! QŒH1� that
sends x to x� aug.x/†H1

=jH1j is trivial, we have

pr.�.K1; e1/� �.K2; e2//D�.ŒK1�� 1/�.Y; eY /C .ŒK2�� 1/�.Y; eY /D 0;

where pr is the map in the following proposition. Also from the following proposition,
there is an element g 2 ZŒH1� such that

�.K1; e1/� �.K2; e2/D .1� Œm�/g:

Since �.K1; e1/� �.K2; e2/ reduces to �.K1/� �.K2/ in ZŒH1�=˙H1, we obtain the
equation for elements in ZŒH1�=˙H1.
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Proposition 5.6 Let pr W ZŒZ˚Z=dZ�! ZŒZ=pZ� be the map between group rings
induced by the composition of maps

Z˚Z=dZ Š�!H1.E.Ki /IZ/!H1.E.Ki /IZ/=.Œmi �/ Š�!H1.Y IZ/ Š�! Z=pZ:

Then the kernel of pr is the ideal generated by 1� Œm�.

Proof Suppose Z=pZ D fs1; : : : ; spg and suppose H D
Pk
iD1 aihi is an element

in the kernel of pr, where ai 2 Z and hi 2 Z ˚ Z=dZ. Let ‚H .sj / be the set
consisting of all elements hi satisfying pr.hi /D sj in the summation defining H . ThenP
hi2‚H .sj /

aihi is also in the kernel of pr for any j . Without loss of generality,
suppose pr.hi /D s1 for any hi in the summation of H . By definition of the map pr,
for any i , we have hi D Œm�˛.i/h1 for some integer ˛.i/. Then

H D

k0X
jD0

bj Œm�
jh1

for some integer k0. Since H is in the kernel of pr, we have

k0X
jD0

bj D 0:

Thus, the polynomial
k0X
jD0

bjx
j

has a root x D 1. In other words,
Pk0

jD0 bjx
j D .1� x/g.x/ for some polynomial

g.x/. Then we have H D .1� Œm�/g.Œm�/h1 and conclude the proposition.

There is another quick proof from the referee. The functor that takes a group to its
group ring is left-adjoint to the functor that takes a commutative ring to its group of
units. The quotient Z=pZ is the colimit of the diagram Z � Z˚Z=dZ, where one
map is 1 7! Œm� and the other is the zero map. Then the proposition follows from the
fact that left-adjoints preserve colimits.

Lemma 5.7 [39, Proposition 2.1] Suppose K is a knot in Y D L.p; q/ and let
H1 DH1.E.K/IZ/. Then

�.1HFK.Y;K//D .1� Œm�/�.K/ 2 ZŒH1�=˙H1:
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Theorem 5.8 Let K1 and K2 be two knots representing the same homology class in
Y D L.p; q/. Suppose H1.E.Ki /IZ/ Š Z˚Z=dZ D H1 as in Lemma 5.3. After
shifting Alexander gradings on 1HFK.Y;Ki / for i D 1; 2, the difference of their Euler
characteristics satisfies the following condition: for any s 2 Spinc.Y /, there exists a
Laurent polynomial f .x/ 2 ZŒx; x�1� and an element Qs 2H1 such that

�.1HFK.Y;K1; s//��.1HFK.Y;K2; s//D .Œm�� 1/2f .Œm�/Qs:

Proof Note that �.1HFK.Y;Ki // is an element in ZŒH1� up to equivalence. Fixing
the Alexander grading on 1HFK.Y;Ki / is equivalent to choosing a representative of
�.1HFK.Y;Ki // in ZŒH1�. By Lemma 5.5 and Lemma 5.7, after shifting Alexander
gradings, there exists some g 2 ZŒH1�=˙H1 such that

�.1HFK.Y;K1//��.1HFK.Y;K2//D .1� Œm�/.�.K1/� �.K2//D .Œm�� 1/2g:
Choose a lift Qg of g in ZŒH1�. It can be written as the sum Qg D

Pp
jD1 gj , where gj

contains terms that are in the preimage of sj 2H1.Y IZ/ under the map

H1!H1.Y IZ/D fs1; : : : ; spg:

For any j , there exists a Laurent polynomial fj .x/ and an element Qsj 2H1 such that
gj D fj .Œm�/Qsj . Thus, the above equation can be decomposed into spinc structures,
which induces the theorem.

Remark 5.9 For constrained knotsK1 andK2, the group 1HFK.Y;Ki / can be chosen
as the canonical representative in Section 4, meaning we consider the absolute Alexander
grading mentioned in the introduction.

Proof of Theorem 1.5 We choose the isomorphisms H1.E.Ki /IZ/ŠH1 considered
in Lemma 5.3. By Lemma 4.2, for a constrained knot Ki � Y and a spinc structure s

on Y , there is a symmetrized Alexander polynomial �i .t/ of a 2–bridge knot, so that

�.1HFK.Y;Ki ; s//��i .Œm�/:
Since the Alexander grading reduces to the grading induced by spinc structures under
the map H1.E.Ki /IZ/ ! H1.Y IZ/, we know Alexander gradings of nontrivial
summands of 1HFK.Y;Ki ; s/ correspond to the spinc structure s. By definition of the
equivalence on ZŒH1�, there exists an element Qs 2H1 in the preimage of s such that

(5) �.1HFK.Y;Ki ; s//D˙�i .Œm�/Œm�
i Qs;
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where 
i is an integer. Write fi .x/ D ˙�i .x/x
i for simplicity. Since �i .t/ is
symmetrized, the middle grading is the grading of Œm�
i Qs. Note that the multiplication
in ZŒH1� corresponds to the addition in H1. Then we have

A.K1; s/�A.K2; s/D .
1Œm�C Qs/� .
2Œm�C Qs/D .
1� 
2/Œm� 2H1:

By Theorem 5.8, there is a Laurent polynomial f .x/ 2 ZŒx; x�1� such that

f1.x/�f2.x/D .x� 1/
2f .x/:

Hence for a large integer N , there is a polynomial f0.x/ such that

xN .f1.x/�f2.x//D .x� 1/
2f0.x/:

Substituting x D 1 gives f1.1/D f2.1/, that is signs in (5) are the same for i D 1; 2.
Consider derivatives at x D 1:

0D
d.xN .f1.x/�f2.x///

dx
DN.f1.1/�f2.1//C

df1

dx
.1/�

df2

dx
.1/

D˙

�
d�1.x/

dx
.1/�

d�2.x/

dx
.1/C 
1�1.1/� 
2�2.1/

�
D 
1� 
2;

where the last equation follows from �i .t/D�i .t
�1/ and �i .1/D 1. Thus, we have

A.K1; s/D A.K2; s/.

Proof of Theorem 1.6 This follows from the proof of Theorem 1.5 with �i .t/D 1.

6 Classification

The main result in this section is the proof of the sufficient part of Theorem 1.2. The
following lemma enables us to prove it by considering knot groups, ie fundamental
groups of knot complements.

Lemma 6.1 [43] Let M1 and M2 be Haken manifolds with torus boundaries. If
there is an isomorphism  W �1.M1/! �1.M2/ that induces an isomorphism

 j�1.@M1/ W �1.@M1/! �1.@M2/;

then there exists a diffeomorphism  0 W .M1; @M1/! .M2; @M2/ inducing  .

In addition , if M1 and M2 are two knot complements and  sends the meridian of one
knot to the meridian of the other knot , then two knots are equivalent.
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A constrained knot is defined by a doubly pointed Heegaard diagram, from which it
is easy to obtain a Heegaard diagram of the knot complement similar to the case in
Figure 3, right. The Heegaard diagram is related to the handlebody decomposition of the
corresponding 3–manifold, and then also related to the cell complex of the corresponding
3–manifold. Thus, it is possible to obtain a presentation of the fundamental group from
the Heegaard diagram. We show this presentation explicitly:

Suppose K D C.p; q; l; u; v/ is a constrained knot with u > 2v � 0. Suppose
.T 2; ˛1; ˇ1; z; w/ is the standard diagram of K. Let † be the surface of genus two
obtained by attaching a 1–handle at basepoints z and w. Suppose ˛2 is the curve on
† that is a union of an arc connecting z to w in T 2 � ˛1 and an arc on the attached
handle; see Figure 6. Suppose ˇ D ˇ1. Then .†; f˛1; ˛2g; ˇ/ is a Heegaard diagram
of E.K/.

Let the innermost rainbow R0 around w be oriented from the right boundary point
xr to the left boundary point xl . This induces an orientation of ˇ. Let ˛1 and ˛2 be
oriented from the left vertical edge to the right vertical edge in the new diagram C of
the constrained knot.

Suppose s and t correspond to cores of ˛1–handle and ˛2–handle, respectively. In the
above orientation, we can obtain a presentation �1.E.K//Š hs; t j ! D 1i, where the
word ! is given in the following way:

(i) Starting at xl and traveling along ˇ, suppose intersection points of ˇ\ .˛1[˛2/
are ordered as x1; x2; : : : ; xm.

(ii) If xi is an intersection point of ˛1 and ˇ it corresponds to a word s˙1, where
the sign depends on the contribution of xi in the algebraic intersection number
˛1\ˇ.

(iii) If xi is an intersection point of ˛2 and ˇ it corresponds to a word t˙1, where
the sign depends on the contribution of xi in the algebraic intersection number
˛2\ˇ.

(iv) The word ! is obtained from x1x2 � � � xm by replacing xi by corresponding
words in fs; s�1; t; t�1g.

The word!.p; q; l; u; v/D!.C.p; q; l; u; v// in the above setting is called the standard
relation of a constrained knot C.p; q; l; u; v/. We begin by understanding the standard
relation of a 2–bridge knot. For fixed integers .u; v/, let �i D .�1/biv=uc.
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Lemma 6.2 For the constrained knot C.1; 0; 1; u; v/Š b.u; v/, the standard relation
! is s�1 t�2s�3 � � � s�2u�1 t�2u .

Proof This is from the relation between the Schubert normal form and the Heegaard
diagram of the 2–bridge knot. Note that the formula of the Alexander polynomial in
Proposition 2.9 follows from this presentation and Fox calculus [42, Chapter II].

For fixed integers .p; q; l/ with q 2 Œ1; p� 1�, l 2 Œ1; p� and gcd.p; q/D 1, suppose
the integer k 2 .0; p� satisfies k � 1 � .l � 1/q .mod p/ and the integer qi 2 Œ0; p/
satisfies qi � iq .mod p/. Define

�i D �i .p; q; l/D

�
1 if qi 2 Œ0; k/;
0 if qi 2 Œk; p/;

s�.p; q; l/D st
�l st�lC1s � � � st�p�1s;

t�.p; q; l/D t
�0st�1s � � � st�l�1 :

In particular, we have �0 D 1 and �l�1 D 1. Note that the integer q in s�.p; q; l/
or t�.p; q; l/ does not correspond to the parameter q in C.p; q; l; u; v/. Indeed, the
constrained knot C.p; q; l; u; v/ corresponds to s�.p; q0; l/ and t�.p; q0; l/, where
qq0 � 1 .mod p/. We can see this fact from the following proposition.

Proposition 6.3 For K DC.p; q; l; u; v/, suppose that the integer q0 2 Œ0; p/ satisfies
qq0 � 1 .mod p/. Suppose s� D s�.p; q0; l/ and t� D t�.p; q0; l/. Define

t
�i

# D

�
t�i if �i�1 D��iC1;
t
�i
� if �i�1 D �iC1:

Then the standard relation of K is !.p; q; l; u; v/D s�1
� t

�2

# s
�3
� � � � s

�2u�1
� t

�2u

# .

Proof The standard diagram of C.p; q; l; u; v/ generalizes the standard diagram of
C.1; 0; 1; u; v/. Then !.p; q; l; u; v/ can be obtained from !.1; 0; 1; u; v/ by replacing
s and t by some words. We figure out the replacement as follows.

Suppose that the integer k 2 .0; p� satisfies .k�1/q� l �1 .mod p/, which coincides
with the definition of k for .p; q0; l/ before this proposition. Note that we define q0i by
qq0i � i .mod p/ since we consider .p; q0; l/ rather than .p; q; l/.

Consider the new diagram C of K mentioned in Section 3; see Figure 4. There are
regions Dj for j 2 Z=pZ, where the right edge of Dj is glued to the left edge of
DjCq . Consider the part of ˛2 on T 2 that connects z to w. It goes across regions in
the order

D1;DqC1;D2qC1; : : : ;Dl :
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By definition of k, there are k regions in the above sequence. By definition of q0i ,
any region Dj in the above sequence lies at the .q0j�1C 1/

th position, so q0j < k. For
example, q00 D 0 implies that D1 lies at the first position and q0

l�1
D k�1 implies that

Dl lies at the kth position. Then �j D 1 if and only if ˛2\DjC1 is nonempty.

Then the word s�.p; q0; l/ corresponds to intersection points of ˇ\ .˛1 [ ˛2/ on an
arc component of ˇ\

�Sp�1

jDlC1
Dj
�
. The word t�.p; q0; l/ corresponds to intersection

points of ˇ\ .˛1[˛2/ on an arc component of ˇ\
�Sl

jD1Dj
�

that is also a subarc
of a stripe.

Thus, we can replace s by s� D s�.p; q0; l/. When �i�1 D��iC1, the corresponding
intersection point related to t�i is on the rainbow, so we just replace t�i by t�i itself.
When �i�1 D �iC1, the corresponding intersection point related to t�i is on the stripe,
so we replace t�i by t�i

� D t
�i
� .p; q

0; l/. This is how t
�i

# is defined.

Suppose K1DC.p; q; l; u; v/ and K2DC.p; q0; l; u; v/, where qq0� 1 .mod p/ and
l 2 f2; pg. Proposition 6.3 provides presentations of �1.E.K1// and �1.E.K2//. We
will construct an explicit isomorphism �1.E.K1//Š�1.E.K2// based on the standard
relations. First of all, let us introduce some notation:

Given words w1 and w2 made by s and t , let hw1;w2
D h.w1; w2/ be a map on words

such that for any word ! made by s and t , the word hw1;w2
.!/ is obtained from ! by

replacing s and t by w1 and w2, respectively. For any integer n, define maps

f n1 D h.s; s
nt /; f n2 D h.t

ns; t/; gn1 D h.s; ts
n/; gn2 D h.s

nt; t /

and
h0 D h.t; s/; h1 D h.t; s

�1/; h2 D h1 ı h1 D h.s
�1; t�1/:

The map f n1 induces an isomorphism hs; t j !i Š hs; t j f n1 .!/i by mapping t to snt
and s to s, which is still denoted by f n1 . A similar argument applies to f n2 . For m odd,
let f nm D f

n
1 . For m even, let f nm D f

n
2 . Given integers p; q > 0, suppose

q

p
D Œa0I a1; a2; : : : ; am�D a0C

1

a1C
1

a2C
1

a3C���

is the unique continued fraction of q=p with ai > 0 and am > 1. Define

f q=p D f �amC1
m ıf

�am�1

m�1 ı � � � ıf
�a1

1 ıf
�a0

0 and F q=p D f 11 ıf
�1
2 ıf q=p:

The maps gnm, gq=p and Gq=p are defined similarly based on gn1 and gn2 .
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s

t

t ! s�1t

˛1

˛01 D ˛1�˛2

˛2

ˇ

s

t�1

t�1! s�1t�1

˛1

˛01 D ˛1C˛2

˛2

ˇ

Figure 8: Examples of handle slides.

Remark 6.4 The isomorphisms f nm and gnm can be achieved by handle slides of ˛
curves in the Heegaard diagram of the knot complement. Indeed, if there are two
consecutive intersection points xi and xiC1 in the definition of the standard relation
that correspond to s and t , respectively, then the arc of ˇ between xi and xiC1 can be
used for the handle slide. If ˛1 is slid over ˛2, then the relation ! becomes f �11 .!/.
If ˛2 is slid over ˛1, then the relation ! becomes g�12 .!/. Moreover, when

.xi ; xiC1/! .s; t/; .s; t�1/; .s�1; t /; .s�1; t�1/; .t; s/; .t; s�1/; .t�1; s/; .t�1; s�1/;

where! implies the replacement considered in the definition of the standard relation,
then the corresponding maps are

.f �11 ; g�12 /; .g11; g
1
2/; .f 11 ; f

1
2 /; .g�11 ; f �12 /;

.f �12 ; g�11 /; .g12; g
1
1/; .f 12 ; f

1
1 /; .g�12 ; f �11 /;

respectively. Two examples are shown in Figure 8.

The proof of the following lemma follows directly from definitions of maps.

Lemma 6.5 There are relations between maps

(i) h0 ı h0 D h2 ı h2 D id,

(ii) f n1 ı h1 D h1 ıf
�n
2 and f n2 ı h1 D h1 ıg

�n
1 ,

(iii) gn1 ı h1 D h1 ıg
�n
2 and gn2 ı h1 D h1 ıf

�n
1 .

In the following lemmas, integers p, q and q0 satisfy

p > 0; q; q0 2 Œ1; p� 1�; gcd.p; q/D 1 and qq0 � 1 .mod p/:
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Lemma 6.6 The following equations hold :

f q=p.s�.p; q; 2/ts/D ts and f q=p.s�.p; q; 2/st/D st;(6)

gq=p.tss�.p; q; 2//D ts and gq=p.sts�.p; q; 2//D st:(7)

Proof If lD2, by definition s�.p; q; 2/D st�2st�3s � � � st�p�1s, where �iD�i .p; q; 2/.
Suppose that the integer k satisfies k�1� .l�1/q .mod p/. We know that kD qC1.
Suppose

q

p
D Œ0I a1; a2; : : : ; am�

with ai > 0 and am > 1. We prove (6) by induction on m.

If mD 1, then q D 1 and p D a1. Thus s�.p; q; 2/D sa1�1 and f q=p D f �.a1�1/
1 by

definition. It can be checked directly that (6) holds.

Suppose (6) holds for mDm0� 1. Consider integers qi satisfying qi � iq .mod p/.
Since gcd.p; q/D 1, if qi � iq � q .mod p/, then i D 1. So qi ¤ q for i 2 Œ2; p� 1�.
Since k D qC 1, the condition qi 2 Œ0; k/ is the same as qi 2 Œ0; q/ for i 2 Œ2; p� 1�.
Thus �i .p; q; 2/D 1 if and only if�

iq

p

�
�

�
.i�1/q

p

�
D 1:

In other words, we have

�i .p; q; 2/D

�
iq

p

�
�

�
.i�1/q

p

�
for i 2 Œ2; p� 1�:

If �i .p; q; 2/D 1, there is some integer j 2 Œ1; q� 1� such that

i D

�
jp

q

�
C 1D ja1C

�
jr

q

�
C 1;

where
r

q
D Œ0I a2; a3; : : : ; am0

�:

Let j1 D j and j2 D j � 1 for j 2 Œ2; q� 1�. Then we have�
j1a1C

�
j1r

q

�
C1

�
�

�
j2a1C

�
j2r

q

�
C1

�
Da1C

�
j1r

q

�
�

�
j2r

q

�
Da1C�j .q; r; 2/:

Thus

s�.p; q; 2/tsDs
a1 tsa1s�2.q;r;2/tsa1s�3.q;r;2/t � � � sa1s�q�2.q;r;2/tsa1s�q�1.q;r;2/tsa1 ts

D .sa1 t /s�2.q;r;2/.sa1 t /s�3.q;r;2/.sa1 t / � � � s�q�2.q;r;2/.sa1 t /s�q�1.q;r;2/

� .sa1 t /.sa1 t /s

D hsa1 t;s.s�.q; r; 2/st/D f
a1

1 ı h0.s�.q; r; 2/st/;
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where the second equality follows from the fact that �i .p; q; 2/D 0 if i < a1. Similarly,

s�.p;q;2/stDs
a1 tsa1s�2.q;r;2/tsa1s�3.q;r;2/t � � � sa1s�q�2.q;r;2/tsa1s�q�1.q;r;2/tsa1st

D .sa1 t /s�2.q;r;2/.sa1 t /s�3.q;r;2/.sa1 t / � � � s�q�2.q;r;2/.sa1 t /s�q�1.q;r;2/

� .sa1 t /s.sa1 t /

D hsa1 t;s.s�.q; r; 2/ts/D f
a1

1 ı h0.s�.q; r; 2/ts/:

By the inductive assumption, we have

f r=q..s�.p; q; 2/ts/D ts and f r=q..s�.p; q; 2/st/D st:

Since f q=p D h0 ıf r=q ı h0 ıf
�a1

1 and h0 ı h0 D id, we have

f q=p..s�.p; q; 2/ts/D h0 ıf
r=q.s�.q; r; 2/st/D h0.st/D ts;

f q=p..s�.p; q; 2/st/D h0 ıf
r=q.s�.q; r; 2/ts/D h0.ts/D st:

By a similar method, it can be proven that

tss�.p; q; 2/D g
a1

1 ı h0.sts�.q; r; 2// and sts�.p; q; 2/D g
a1

1 ı h0.tss�.q; r; 2//:

Then by induction, (7) holds.

Lemma 6.7 The following equations hold :

F q=p.t/D f 11 ıf
�1
2 ıf q=p.t/D h0.s�.p; q

0; 2/ts/;

Gq=p.t/D g11 ıg
�1
2 ıg

q=p.t/D h0.sts�.p; q
0; 2//:

Proof The proofs of the two equations are similar. We only show the proof of the first
equation. By the proof of Lemma 6.6, we know

�i .p; q; 2/D

�
iq

p

�
�

�
.i�1/q

p

�
for i 2 Œ2; p� 1�:

Thus �i .p; q; 2/D 0 if and only if�
i.q�p/

p

�
�

�
.i�1/.q�p/

p

�
D

�
iq

p

�
�

�
.i�1/q

p

�
� 1D�1:

This is equivalent to �
i.p�q/

p

�
�

�
.i�1/.p�q/

p

�
D 1;

ie �i .p; p� q; 2/D 1. Then

f �11 ı h0.s�.p; q; 2/ts/D s
�1ts��2.p;p�q;2/t � � � ts��p�1.p;p�q;2/t t

D s�1h1.s�.p; p� q/st/s D t
�1h1.sts�.p; p� q//t:
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Suppose q=p D Œ0I a1; a2; : : : ; am� with ai > 0 and am > 1. We have

f �12 ıf q=p D

�
f �12 ıf

�amC1
1 ıf

�am�1

2 ı � � � ıf
�a2

2 ıf
�a1

1 if m is odd,
f
�am

2 ıf
�am�1

1 ı � � � ıf
�a2

2 ıf
�a1

1 if m is even.

By the extended Euclidean algorithm,

p� q0

p
D

�
Œ0I 1; am� 1; am�1; : : : ; a2; a1� if m is odd,
Œ0I am; am�1; : : : ; a2; a1� if m is even.

It can be proven by induction on n that for b=aD Œ0I b1; b2; : : : ; b2n�1; b2n�,

(8) f
�b1

2 ıf
�b2

1 ı � � � ıf
�b2n�1

2 ıf
�b2n

1 .t/D h1.ts�.a; b/s/:

Indeed, if nD 1, then f �b2

2 ıf
�b1

1 .t/D .t�b2s/�b1 t D .s�1tb2/b1 t . Equation (8) is
clear.

Suppose (8) holds for nD n0� 1. Let

b0

a0
D Œ0I b2; : : : ; b2n0�1; b2n0

� and
b00

a00
D Œ0I b3; : : : ; b2n0�1; b2n0

�:

By the proof of Lemma 6.6,

tf
b1

1 .s�.a
00; b00; 2/st/t�1 D th0.s�.a

0; b0; 2/ts/t�1

D s�1h0.tss�.a
0; b0; 2//s D s�1g

b1

1 .sts�.a
00; b00; 2//s:

Thus

f
�b1

2 ıf
�b2

1 ı h1.ts�.a; b; 2/st t
�1/

D f
�b1

2 ı h1 ıf
b2

2 .tf
�b2

2 ıf
�b1

1 .s�.a
00; b00; 2/st/t�1/

D f
�b1

2 ı h1.tf
�b1

1 .s�.a
00; b00; 2/st/t�1/

D h1 ıg
b1

1 ı .s
�1g

b1

1 .sts�.a
00; b00; 2//s/

D h1.s
�1.sts�.a

00; b00; 2//s/D h1.ts�.a
00; b00; 2/s/:

Remark 6.8 By Remark 6.4, the map f q=p can be regarded as a sequence of handle
slides. Consider the matrix of algebraic intersection points�

Œ˛1� �pŒa� Œ˛2� �pŒa�

Œ˛1� � Œm� Œ˛2� � Œm�

�
;

where a and m are curves in Figure 6. The maps f n1 and f n2 induce column transfor-
mations of this matrix, which are still denoted by f n1 and f n2 . Then

f q=p
��
p q

0 1

��
D

�
1 1

q0�p q0

�
and F q=p

��
p q

0 1

��
D

�
1 0

q0 p

�
:
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Indeed, the definitions of f q=p and F q=p come from the extend Euclidean algorithm
for calculating gcd.p; q/ (see the proof of Lemma 6.7).

Proposition 6.9 Up to circular permutation ,

h0 ıF
q=p.!.p; q0; 2; u; v//D

�
h2.!.p; q; 2; u; v// if v is odd ,
!.p; q; 2; u; v/ if v is even.

Proof Suppose aD s�.p; q; 2/ and b D s�.p; q0; 2/. Then

t� D t�.p; q; 2/D t�.p; q
0; 2/D tst

and

!.p; q0; 2; u; v/D a�1 t
�2

# a
�3 � � � t

�2u

# ; !.p; q; 2; u; v/D b�1 t
�2

# b
�3 � � � t

�2u

# :

The word a�i�1 t
�i

# a
�iC1 is one of

(i) atstaD .ats/ta and a�1.tst/�1a�1 D a�1t�1.ats/�1,

(ii) ata�1 D .ats/t.ast/�1 and at�1a�1 D .ast/t�1.ats/�1,

(iii) a�1ta and a�1t�1a.

Thus !.p; q0; 2; u; v/D a�1

# t
�2a

�3

# � � � t
�2u , where

a
�i

# D

�
.ats/�i if �i D ��iCi ;

.ast/�i if �i D���iCi :

By Lemma 6.6 and Lemma 6.7,

F q=p.ats/D sDh0.t/; F q=p.ast/D t�1stDh0.s
�1ts/ and F q=p.t/Dh0.bts/:

Thus h0 ıF q=p.!.p; q0; 2; u; v//D c
�1

# .bts/
�2c

�3

# � � � .bts/
�2u , where

c
�i

# D

�
t�i if �i D ��iCi ;

.s�1ts/�i if �i D���iCi :

The word .bts/�i�1c
�i

# .bts/
�iC1 is one of

(i) .bts/t.bts/D b.tst/bts and .bts/�1.t/�1.bts/�1 D .bts/�1.tst/�1b�1,

(ii) .bts/.s�1ts/.bts/�1 D btb�1 and .bts/.s�1ts/�1.bts/�1 D bt�1b�1,

(iii) .bts/�1t .bts/ and .bts/�1t�1.bts/.

Thus

h0 ıF
q=p.!.p; q0; 2; u; v//D t

�1

# b
�2 t

�3

# � � � b
�2u D b

�uC1

# t�uC2b
�uC3

# � � � b�3u ;

where the last equality holds up to circular permutation. The proposition follows from
the fact that �uCi D .�1/v�i .
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Proposition 6.10 Up to circular permutation ,

h0 ıG
.p�q/=p.!.p; q0; p; u; v//D

�
h2.!.p; q; p; u; v// if v is odd ,
!.p; q; p; u; v/ if v is even.

Proof The essential idea of the proof is the same as that of Proposition 6.9. Now

s�.p; q; p/D s and t�.p; q; p/D ts�.p; p� q; 2/t:

Suppose aD s�.p; p�q; 2/ and bD s�.p; p�q0; 2/. By analyzing cases of s�i�1 t
�i

# s
�i

we get !.p; q0; p; u; v/D a�1

# t
�2a

�3

# � � � t
�2u , where

a
�i

# D

�
.sta/�i if �i D ��iCi ;

.sat/�i if �i D���iCi :

Note that �i 2 f˙1g and ��iCi D �˙Ci in the definition of a�i

# . By Lemma 6.6 and
Lemma 6.7, we have G.p�q/=p.t/D stb. Thus

h0 ıG
.p�q/=p.!.p; q0; p; u; v//D c

�1

# .stb/
�2c

�3

# � � � .stb/
�2u ;

where
c
�i

# D

�
t�i if �i D ��iCi ;

..stb/�1.sts�1/.stb//�i if �i D���iCi :

By analyzing cases of .stb/�i�1c
�i

# .stb/
�i�1.stb/�iC1 we get

h0 ıG
.p�q/=p.!.p; q0; p; u; v//D t

�1

# b
�2 t

�3

# � � � b
�2u :

Then this proposition follows from a similar argument as in Proposition 6.9.

Proof of the sufficient part of Theorem 1.2 For iD1; 2, letKi DC.pi ; qi ; li ; ui ; vi /,
Mi DE.Ki / and suppose .�i ; �i / is the regular basis of @Mi . Suppose

.p1; u1; v1/D .p2; u2; v2/D .p; u; v/; q1q2 � 1 .mod p/ and l1 D l2 2 f2; pg:

By knot Floer homology, constrained knots Ki are not unknots in lens spaces. By
Proposition 2.1, we know that the Mi are Haken manifolds.

Let q0 D q1 and q D q2 in Propositions 6.9 and 6.10. Let  be the map from �1.M1/

to �1.M2/ induced by
h0 ıF

q=p if l1 D l2 D 2;

h0 ıG
.p�q/=p if l1 D l2 D p:

By Propositions 6.9 and 6.10, the map  is an isomorphism. The meridians �i and
longitudes �i can be isotoped to lie on Heegaard diagrams of Mi so that �1 D m

and �2 D pa, where a and m are curves in Figure 6. Moreover, suppose that
meridians and longitudes are disjoint from ˇ1. By Remarks 6.4 and 6.8, the map
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 can be achieved by handle slides of ˛ curves. After handle slides, the meridian
and the longitude are still disjoint from ˇ1, which implies  induces an isomorphism
 j�1.@M1/ W �1.@M1/! �1.@M2/.

Moreover, for the case l1 D l2 D 2, note that t corresponds to �1 \ .˛1 [ ˛2/ and
s�.p; q

0; 2/ts corresponds to �2\ .˛1[˛2/ in the presentations of the fundamental
groups. By Lemma 6.7,

 j�1.@M1/.�1/D  .t/D s�.p; q
0; 2/ts D �2:

Thus, by Lemma 6.1, we know K1 is equivalent to K2.

For the case l1 D l2 D p, based on Lemma 6.7, the proof is similar.

7 Magic links

A constrained knot is defined by a doubly pointed Heegaard diagram .T 2; ˛1; ˇ1; z; w/,
where ˇ1 looks similar to the ˇ curve in the diagram of a 2–bridge knot (see Lemma 4.2
and Proposition 3.5). In this section we provide Dehn surgery descriptions for some
families of constrained knots, which is inspired by the relation between constrained
knots and 2–bridge knots. The main objects in this section are magic links.

Definition 7.1 Suppose integers u and v satisfy 0� v < u and gcd.u; v/D 1, and u
is odd. Especially, .u; v/D .1; 0/ is allowed. A magic link L.u; v/DK0[K1[K2
is a 3–component link linked as shown in Figure 2, left, where K0 is the 2–bridge knot
b.u; v/ in the standard presentation, and K1 and K2 are unknots. For �u < v < 0, let
L.u; v/ be the mirror link of L.u;�v/. Let L.1; 1/ be the mirror link of L.1; 0/.

Remark 7.2 The name of magic links is from the fact that the link complement
S3�L.3; 1/ is diffeomorphic to the magic manifold studied in [24].

For i D 1; 2, suppose integers pi and qi satisfy pi > 0 and gcd.pi ; qi / D 1. Let
M.u; v; p1=q1; p2=q2/ and K0.u; v; p1=q1; p2=q2/ denote the manifold and the re-
sulting knot K 00 obtained by pi=qi Dehn surgery on Ki .

Proposition 7.3 The manifolds M.u; v; p1=q1; p2=q2/ and M.u; v; p2=q2; p1=q1/
are diffeomorphic. Moreover , the knots K 00 in these manifolds are equivalent.

Proof The components K1 and K2 in the magic link switch their positions under the
rotation around a vertical line, while K0 remains unchanged.
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l1

l2

m1m2
w x yz

˛�

l1m1

m2
w

x yz
ˇ1

l2

Figure 9: Heegaard diagrams of E.L.3; 1//, where ˇ1 is omitted in the left
figure and ˛� is omitted in the right figure.

Remark 7.4 Manifolds M.u; v; p1=q1; p2=q2/ and M.u; v; p2=q2; p1=q1/ will not
be distinguished in the rest of the paper. Neither will the corresponding knots K0 of
these manifolds.

Proposition 7.5 For integers u and v satisfying 0 < v < u and gcd.u; v/ D 1, and
where u is odd , the link L.u; u� v/ is the mirror link of L.u; v/. Thus

L.u; u� v/Š L.u;�v/

and K0.u; v; p1=q1; p2=q2/ is the mirror image of K0.u; u�v; p1=.�q1/; p2=.�q2//.

Proof Suppose b.u; v/ is in the standard presentation for

v

u
D Œ0I a1; a2; : : : ; am�:

Since .u� v/=uD 1� v=u, by adding one positive half-twist on the two left strands,
the standard presentation for Œ0I �a1;�a2; : : : ;�am� becomes a standard presentation
of b.u; u�v/. After isotoping the link outside twists related to ai , the link L.u; u�v/

becomes the mirror link of L.u; v/.

Lemma 7.6 In Figure 9, .†2; ˛�; ˇ1/ are Heegaard diagrams of E.L.3; 1//. For
i D 1; 2, the meridian mi and the longitude li of Ki can be isotoped to lie on †2 as
in the diagrams. For general integers u and v satisfying 0 < v < u and gcd.u; v/D 1,
and where u and v are odd , the similar assertion holds when ˇ1 is replaced by ˇ in
the doubly pointed Heegaard diagram of b.u; v/.
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l1

l2

m1

m2

w
x

y

z

Figure 10: Meridians and longitudes on the Heegaard surface.

Proof Consider .u; v/D .3; 1/. The curve ˛� is separating and ˇ1 is nonseparating.
Therefore, the manifold obtained from †2 � Œ�1; 1� by attaching 2–handles along
˛� � f�1g and ˇ1 � f1g has three boundary components, each of which is a torus.
Moreover, if two more 2–handles are attached along m1 � f�1g and m2 � f�1g, the
resulting manifold is E.b.3; 1//. The longitude l0 of b.3; 1/ can be isotoped to lie
on †2 as shown in the Schubert normal form (see Figure 3, center). Note that the
geometric intersection number of mi and li is one.

On the other hand, components of the link corresponding to the Heegaard diagrams
in Figure 9 can be obtained by pushing li slightly into the handlebody corresponding
to ˛ D f˛�; m1; m2g and pushing l0 slightly into the handlebody corresponding to
ˇ D fˇ1; m0g, where m0 is the meridian of b.3; 1/ on †2. This can be seen explicitly
if we redraw the Heegaard surface as in Figure 10. After isotoping unknot components,
it is easy to see the link from these diagrams is equivalent to L.3; 1/. For general .u; v/,
the proof applies without change.

For integers u and v satisfying �u < v < 0, and where u and v odd, the corresponding
diagram is obtained by reflecting the diagram of L.u;�v/ along a vertical line. Since
L.u; u� v/ Š L.u;�v/, Heegaard diagrams for all v 2 .�u; u/ with gcd.u; v/ D 1
and .u; v/D .1; 0/; .1; 1/ are obtained from this approach. Such a diagram is called a
standard diagram of E.L.u; v//.

A resolution of an intersection point of a meridian and a longitude on the Heegaard
surface is called a positive resolution or a negative resolution when the meridian turns
left or right, respectively, to the longitude in any direction; see Figure 11.
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l l
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Figure 11: Positive and negative resolutions.

Corollary 7.7 For i D 1; 2 suppose integers pi and qi satisfy gcd.pi ; qi / D 1 and
pi > 0. The Heegaard diagram .†2; f˛1; ˛2g; ˇ1/ of E.K0.u; v; p1=q1; p2=q2// is
obtained in the following way: ˛i is obtained by resolving intersection points of jpi j
copies of mi and jqi j copies of li positively or negatively if qi is positive or negative ,
respectively. Especially when .pi ; qi /D .1; 0/, the corresponding ˛i is mi .

Proof This follows from the definition of Dehn surgery. Note that ˛i is the meridian
of the filling solid torus for i D 1; 2.

Consider cyclic covers of the diagram of a 2–bridge knot b.u; v/ as shown in Figure 12.
For i 2Z, let ai D ai .u; v/ be a red strand connecting the left edge to the right edge and
passing through ji j copies of the fundamental domains, where the sign of i determines
the direction of the strand; see Figure 12 for examples of strands. Let Ai D Ai .u; v/
be the set consisting of strands that can be isotoped into the neighborhood of ai .u; v/
in the complement of basepoints. Some intersection points of ai .u; v/ and ˇ1 can be
removed by isotopy. Intersection points that cannot be removed are shown in Figure 12.
Identifying endpoints of ai , a diagram of a 2–bridge knot b.U.u; v; i/; V .u; v; i// can
be obtained for some integers U.u; v; i/ and V.u; v; i/.

Let a� D a�.u; v/ and a# D a#.u; v/ be the strands in Figure 12. For i D �; #, the
set Ai .u; v/ and the functions U.u; v; i/ and V.u; v; i/ are defined similarly. For
i 2 Z or i D �; #, consider V.u; v; i/ 2 Z=UZ� f0g for U D U.u; v; i/ > 1. When
U.u; v; i/ D 1, consider V.u; v; i/ 2 f0; 1g. In the latter case, we use the following
conventions:

n�

�
1 if n is odd modulo 1;
0 if n is even modulo 1;

and ˙n��m .mod 1/ for n odd and m even.
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Figure 12: Cyclic covers of Heegaard diagrams corresponding to .u; v/D .3; 1/; .7; 1/; .7; 2/.

Lemma 7.8 Suppose u and v, for u odd , are integers satisfying .u; v/ D .1; 0/ or
0 < 2v < u, and gcd.u; v/D 1. For i 2 f1; 0;�1;�2;�; #g, the functions U.u; v; i/
and V.u; v; i/ can be expressed explicitly:

(i) U.u; v; 1/D uC 2v and V.u; v; 1/D v.

(ii) U.u; v; 0/D u and V.u; v; 0/D v.

(iii) U.u; v;�1/D u� 2v and V.u; v;�1/� v .mod u� 2v/.

(iv) U.u; v;�2/ D ju� 4vj and V.u; v;�2/ � v sign.u� 4v/ .mod ju� 4vj/ for
u > 3, and U.3; 1;�2/D 1 and V.3; 1;�2/D 1.

(v) U.u; v;�/D 3u� 4v and V.u; v;�/D u� v.

(vi) U.u; v; #/D 3u� 2v and V.u; v; #/D 2u� v.

Proof For fixed .u; v/, let Ri and Si be numbers of rainbows and stripes in the
diagram of b.U.u; v; i/; V .u; v; i//. Case (ii) is trivial, where R0D v and S0D u�2v.
Suppose V 0 satisfies

0 < V 0 < U.u; v; i/ and V 0 � V.u; v; i/ .mod U.u; v; i//:
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Define

�i D

�
�1 if 2V 0 < U.u; v; i/;
1 if 2V 0 > U.u; v; i/:

Then .U.u; v; i/; V .u; v; i// can be recovered from .Ri ; Si ; �i / by

(9) U.u; v; i/D 2Ri CSi and V.u; v; i/D �iRi :

Suppose that all isotopies on the surface move basepoints in the following discussion.

For cases (i) and (vi), let x1 be the center of the fundamental domain and letD1DN.x1/
be the neighborhood containing two basepoints z and w. Straightening strands isotopes
the diagram by rotating D1 clockwise and counterclockwise by � for cases (i) and
(vi), respectively. Equivalently, the new ˇ is obtained by pushing rainbows on the top
edge to the bottom right and bottom left, respectively. Rainbows and stripes satisfy the
following equations and we obtain the results by formulae in (9):

R1 DR0; S1 D 2R0CS0; �1 D 1;

R# DR0CS0; S# D 2R0CS0; �# D�1:

For case (v), let x2 be the middle intersection point on the top edge and letD2DN.x2/
be the neighborhood containing all rainbows. Straightening the strand isotopes the
diagram by rotating D2 clockwise by � . Then we have

R� DR0CS0; S� D S0; �� D 1:

For case (iii), the number U.u; v;�1/ is the same as S0. Straightening the strand
isotopes the diagram by rotating D2 counterclockwise, which induces the formula of
V.u; v;�1/. This isotopy can also be regarded as pulling back rainbows once.

For case (iv), if .u; v/D .3; 1/, then the formula is obtained directly from Figure 12. If
u > 3, then there are three subcases where S0 > 2R0, 2R0 > S0 > R0 and R0 > S0,
equivalently u > 4v, 4v > u > 3v and 3v > u > 2v, respectively. Note that u is odd,
so u¤ 4v.

Suppose S0 > 2R0 (eg .u; v/ D .7; 1/; .13; 3/). In this subcase V.u; v;�1/ D v.
Straightening the strand isotopes the diagram by pulling back rainbows twice. Then
.U.u; v;�2/; V .u; v;�2// is obtained by applying case (iii) twice, ie

U.u; v;�2/D u� 4v; V .u; v;�2/� v .mod u� 4v/:

Suppose 2R0 > S0 >R0 (eg .u; v/D .7; 2/; .15; 4/). Straightening the strand isotopes
the diagram by rotating D2 counterclockwise by � . After isotopy, the number of
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intersection points of a�2 and ˇ is U.u; v;�2/D 2R0�S0 D 4v�u. The number of
rainbows is R�2 D S0�R0 and ��2 D�1. Hence

V.u; v;�2/D U.u; v;�2/� .S0�R0/D 7v� 2u:

Suppose R0 > S0 (eg .u; v/D .7; 3/). Straightening the strand isotopes the diagram
by rotating D2 counterclockwise by � . In this subcase, this isotopy is obtained by
reversing the isotopy in case (v). Then

R�2DR0�S0; S�2DS0; ��2D1; U.u; v;�2/D4v�u; V .u; v;�2/D3v�u:

The formula for case (iv) then follows from summarizing the above subcases.

Remark 7.9 Indeed, for any i 2 Z, functions U.u; v; i/ and V.u; v; i/ might be
expressed explicitly. For example, we have U.u; v; i/D uC2iv and V.u; v; i/D v for
i > 0. However, for i < 0, functions are more complicated so we omit the discussion.

The following lemma is a basic result from the Dehn surgery on the Hopf link.

Lemma 7.10 The manifold M.u; v; p1=q1; p2=q2/ is diffeomorphic to the lens space

L.p1p2� q1q2; p1p
0
2� q1q

0
2/ where p2q02� q2p

0
2 D�1:

Theorem 7.11 Suppose integers u0 and v0 satisfy .u0; v0/D .1; 0/ or 0 < 2v0 < u0,
and gcd.u0; v0/D1, where u is odd. Suppose Ui DU.u0; v0; i/ and Vi DV.u0; v0; i/.
The knot K0 DK0.u0; v0; p1=q1; p2=q2/ is equivalent to C.p; q; l; u; v/ for .l; u; v/
in Table 3 and some .p; q/. In cases (i)–(iv), .p; q/ D .p1p2 � q1q2; q1/. In cases
(v)–(viii), .p; q/D .p1p2� q1q2; q1p2/. In cases (ix) and (x), p D p1p2� q1q2 and
q 2 f˙q˙10 g, where q0 D p1p02� q1q

0
2 is calculated in Lemma 7.10.

Proof First, we make some comments on the parameters .p; q/. Lemma 7.10 provides
a way to specify the ambient lens space of K0. Explicitly, the lens space is L.p; q/,
where p D p1p2� q1q2 and q 2 f˙q˙10 g.

In cases (i)–(iv), p2 D 1. Hence we can choose q02 D�1 and p02 D 0 in Lemma 7.10.
Then we can set q0Dp1p02�q1q

0
2Dq1. In cases (v)–(viii), jq1jD1. By Proposition 7.3,

we can switch the roles of .p1; q1/ and .p2; q2/ in Lemma 7.10. So we can pick p01Dq1
and q01 D 0 so that p1q01� q1p

0
1 D�1. Then we can set q0 D p2p01� q2q

0
1 D q1p2.

From Remark 3.3 we know thatC.p; q; l; u; v/may be different fromC.p; q�1; l; u; v/.
Hence to define a constrained knot, we need to fix the choice of q in the set f˙q˙10 g.
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case conditions .l � 1; u; v/

(i) p2 D 1, q1q2 < 0 .�q1q2; U0; V0/

(ii) p2 D 1, q2 > 1, q1 > p1 > 0, U�1 � U�2 .p1; U�1; V�1/

(ii0) p2 D 1, q2 > 1, q1 > p1 > 0, U�1 < U�2 .q1q2� 2p1; U�2; V�2/

(iii) p2 D 1, q2 < �1, �q1 > p1 > 0 .q1q2� 2p1; U�; V�/

(iv) .p2; q2/D .1; 0/ .0; U0; V0/

(v) p1 > 1, jq1j D 1, q1q2 < 0 .�q1q2; U0; V0/

(vi) p1 > 1, q1 D 1, p2 > q2 > 0 .p1p2� 2q2; U1; V1/

(vii) p1 > 1, q1 D�1, p2 > �q2 > 0 .�p2; p1p2C 2q2; U#; V#/

(viii) .p1; q1/D .0; 1/ .0; U�1; V�1/

(ix) .p2; q2/D .1; 1/, q1 > 0, .p1; q1/¤ .1; 1/ .˙q1; Un; Vn/ for n 2 Z

(x) .p2; q2/D .1;�1/, q1 < 0, .p1; q1/¤ .1;�1/ l � 1D˙q1

Table 3: Cases where Dehn surgeries on magic links induce constrained knots.

For cases (i)–(viii), the later proof shows q D q0. However, for cases (ix)–(x) it is hard
to provide a general formula for the choice of q since the proof is not constructive.

We prove the theorem case by case:

For case (i), we consider two subcases:

(a) p2 D 1 and q2 > 0; q1 < 0,

(b) p2 D 1 and q2 < 0; q1 > 0.

The proofs of these two subcases are similar so we only prove case (a).

In case (a), jq2j D q2 and jq1j D �q1. Consider curves m1, l1, m2 and l2 in Figure 10
and the Heegaard diagram .†2; f˛1; ˛2g; ˇ1/ of E.K0/ in Corollary 7.7. For example,
if q2 D 3, then ˛2 is obtained by resolving intersection points of m2 and three copies
of l2 positively. Let l 01 be the curve obtained by sliding l1 over ˛2 along an arc a
around z; see Figure 13, top left. Let ˛01 be obtained by taking jp1j copies of m1 and
jq1j copies of l 01 and resolving negatively. Then .†2; f˛01; ˛2g; ˇ1/ is also a Heegaard
diagram of E.K0/ since l 01 is isotopic to l1 in the link complement. Consider the
genus 1 surface †1 obtained from †2 by removing the 1–handle attaching to z and w.
Then .†1; ˛01; ˇ1; z; w/ is a doubly pointed Heegaard diagram of K0. We can compare
this diagram with the standard diagram of a constrained knot.

By construction, there are q2 strands in l 01 connecting the left edge to the right edge,
where .q2�1/ strands do not intersect the top edge and one strand intersects the top edge.
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Figure 13: Examples of K0.

Since m1 is a strand connecting the left edge to the right edge, there are .p1�q1q2/
strands in ˛01 connecting the left edge to the right edge. These strands can be divided
into two parts, in which the strands are isotopic to the strands a0 and a�1 defined
before Lemma 7.8, respectively. By counting the number of strands, we have

jA0.u0; v0/j D p1 and jA�1.u0; v0/j D �q1q2:

Hence .†1; ˛01; ˇ1; z; w/ is the same as the standard diagram (see Figure 6) of

C.p1� q1q2; q1;�q1q2C 1; u0; v0/:

Thus, the two knots are equivalent. For example, Figure 13, top middle, corresponds to
C.9;�2; 7; 3; 1/D C.9; 7; 7; 3; 1/, where

.p1; q1; p2; q2; u; v/D .3;�2; 1; 3; 3; 1/:

Cases (ii)–(iv) are proven by a similar strategy. Indeed, we can compare ˛01 in the
doubly pointed diagram ofK0 with the standard diagram of a constrained knot to obtain
the parameters. In particular, the type and the number of strands in ˛01 are important,
so we only state the main difference about the curve ˛01.

Algebraic & Geometric Topology, Volume 23 (2023)



Constrained knots in lens spaces 1153

For cases (ii) and (ii0), let ˛01 be the curve as defined in case (i). It is the union of
strands with endpoints on the left edge and the right edge. By the assumption q1 > p1,
we may have rainbows in ˛01, ie strands whose endpoints are on the same edge. Since
the rainbows on the right edge do not bound a basepoint, we can isotopy ˛01 to remove
them. After removing p1 rainbows on the right edge, there are .q1q2�2p1/ strands
and p1 strands isotopic to a�1 and a�2, respectively:

jA�1j D q1q2� 2p1 and jA�2j D p1:

The choice of case (ii) and case (ii0) depends on if U�1 � U�2 or U�1 < U�2, respec-
tively. This is because the parameter u is the greater number in fU�1; U�2g.

For case (iii), the pair of sets .A�1; A�2/ in the above proof is replaced by .A�1; A�/.
Counting the number of strands, we have

jA�1j D q1q2� 2p1 and jA�j D pi :

By Lemma 7.8, the number U� is always greater than U�1.

For case (iv), all strands are isotopic to a0.

Examples can be found in Figure 13. In all examples, .u; v/ D .3; 1/. In the top
right subfigure, the diagram of K0 is in case (ii) with .p1; q1; p2; q2/ D .1; 2; 1; 3/,
which corresponds to C.�5; 2; 2; 1; 0/D C.5; 3; 2; 1; 0/. In the bottom left subfigure,
the diagram of K0 is in case (iii) with .p1; q1; p2; q2/D .1;�2; 1;�3/, which corre-
sponds to C.�5;�2; 5; 5; 2/ D C.5; 2; 5; 5; 2/. In the bottom middle subfigure, the
diagram of K0 is in case (iii) with .p1; q1; p2; q2/D .3;�2; 1; 0/, which corresponds
to C.3;�2; 1; 3; 1/D C.3; 1; 1; 3; 1/.

For proofs of cases (v)–(viii), we consider the curve m02 obtained by sliding m2 over
˛1 along an arc a0 around z; see Figure 13, bottom right, for p1D 2. Now the resulting
diagram of E.K0/ is .†2; f˛1; ˛02g; ˇ1/, where ˛0 is obtained from m02 and l2 by
resolution. The proofs are similar to cases (i)–(iv).

For cases (ix) and (x), the diagrams are more complicated. By Proposition 1.1, we
can check by the distribution of the spinc structures of intersection points that the knot
K0 is a constrained knot. The parameter l can be obtained by counting the number
of strands.

The following corollary is obtained by changing parameters in Table 3.
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case l�1

(i) and (v) with q2 > 0 and (iv), (viii) and (ix) ˙nq where nq 2 Œ0; p/
(i) and (v) with q2 < 0 and (iv), (viii) and (x) ˙n.p�q/ where n.p�q/ 2 Œ0; p/

(ii) dp=qeq�p

(ii0) and (vi) 2p�dp=qeq

(iii) and (vii) 2p�dp=.p�q/e.p�q/

Table 4: Choices of the parameter l .

Corollary 7.12 Suppose integers p and q satisfy p > q > 0 and gcd.p; q/D 1. The
choices of l from Theorem 7.11 are in Table 4. Note that Theorem 1.8 follows from
the first two rows in Table 4.

Remark 7.13 For integers u0 and v0 satisfying .u0; v0/D .1; 1/ or 0 < �2v0 < u0,
and gcd.u0; v0/D 1, where u0 is odd, the surgery description can be induced similarly
to Table 3. We omit the explicit description.

We describe some special examples of Table 3 as follows.

Consider integers u0 and v0 satisfying .u0; v0/D .1; 0/ in Theorem 7.11. We know that
the manifold E.L.1; 0// is diffeomorphic to S1�F , where F is a disk with two holes.
For integersp1, p2, q1 and q2 satisfyingp1p2¤q1q2, the knotK0.1; 0; p1=q1; p2=q2/
is a torus knot in a lens space.

Cases (iii) and (vii) in Table 3 cover the cases .u; v/D .3;˙1/. By Corollary 7.12, for
p; q 2 Z with p > q > 0, the knot C.p;˙q; 2p�dp=qeqC 1; 3;˙1/ is a torus knot.

Theorem 7.14 The knot C.p; q; 1; u; v/ is the connected sum of the 2–bridge knot
b.u; v/ and the core knot C.p; q; 1; 1; 0/ of L.p; q0/, where qq0 � 1 .mod p/.

Proof By case (iv) in Theorem 7.11, the knot C.p; q; 1; u; v/ is identified with
K0.u; v; p=q; 1=0/, which is obtained by the p=q surgery on the meridian of b.u; v/.
By Corollary 3.9, the knot C.p; q; 1; 1; 0/ is the core knot, which is obtained by the
p=q surgery on one component of the Hopf link.

8 1–Bridge braid knots

In this section we describe another approach to construct constrained knots by Dehn
surgeries. Many results are based on [15, Section 3]. The main objects in this section
are 1–bridge braids, defined below.
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Definition 8.1 A knot in the solid torus S1 �D2 is called a 1–bridge braid if it is
isotopic to a union of two arcs 
 [ ı such that 
 � @.S1 �D2/ is braided, meaning
it is transverse to each meridian fptg � @D2, and ı is a bridge, meaning it is properly
embedded in some meridional disk fptg �D2.

We denote 1–bridge braids by B.w; b; t/ [13], where w > 0 is the winding number,
b 2 Œ0; w� 2� is the bridge width, and t 2 Œ1; w� 1� is the twist number. When b D 0,
the 1–bridge braid can be isotoped to lie on @.S1 �D2/. Let B.w;w � 1; t/ denote
B.w; 0; t C 1/.

As mentioned in [15, Section 3], after isotopy, the arc 
 can be lifted to a straight line (a
geodesic) in the universal cover R2 of @.S1�D2/, which is still denoted by 
 . Suppose
that 
 connects .0; 0/ to .t 0; w/, where t 0 2Q\ Œt; t C 1/. Let B.w; s.
// denote this
1–bridge braid, where s.
/D t 0=w is called the inverse slope of 
 . Suppose s D n=d
with gcd.n; d/ D 1. Suppose that the integer ni 2 Œ0; d/ satisfies ni � ni .mod d/.
Then b is given by the formula

b D #fi 2 Œ1; w� 1� j ni < nwg:

Definition 8.2 Suppose integers p and q satisfy 0 < q <p and gcd.p; q/D 1. Denote
the knot in L.p; q/ obtained by Dehn filling .S1�D2; B.w; s.
/// along the curve on
@.S1 �D2/ with slope p=q by B.w; s.
/; p; q/. This is called a 1–bridge braid knot.

Proposition 8.3 For a 1–bridge braid B.w; s.
//, suppose s represents the core of
the solid torus , and suppose t represents the meridian of the braid. For j 2 Œ1; w� 1�,
define

�j D

�
1 if nj < nw ;
0 if nj > nw :

Then the 2–variable Alexander polynomial of B.w; s.
// is

�.s; t/D

w�1X
iD0

si t
Pi

jD1 �j :

Proof Suppose H2 D S1 � D2 � N.ı/, which is diffeomorphic to a genus two
handlebody. Let D be the canceling disk of ı. There are two meridian disks fptg�@D2

and D of H2. Suppose their boundaries are ˛1 and ˛2, respectively, then suppose
that ˇ D @N.
/ and † D @H2. Then .†; f˛1; ˛2g; ˇ/ is a Heegaard diagram of
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Figure 14: Left: 1–bridge braid in R2. Right: simple intervals.

S1 �D2�N.B.w; s.
///. It induces a presentation of the fundamental group by the
method in Section 6:

�1.S
1
�D2�N.B.w; s.
////D hs; t j !t!�1t�1 D 1i;

where ! D st�1st�2s � � � st�w�1s. Then we can calculate the Alexander polynomial by
Fox calculus [42, Chapter II].

Let Fn be the nth Farey sequence, ie the sequence containing all rational numbers x=y
with 0� x � y � n and gcd.x; y/D 1, listed in the increasing order. For example:

(10) F1 D
�
0
1
; 1
1

�
; F2 D

�
0
1
; 1
2
; 1
1

�
; F3 D

�
0
1
; 1
3
; 1
2
; 2
3
; 1
1

�
; F4 D

�
0
1
; 1
4
; 1
3
; 1
2
; 2
3
; 3
4
; 1
1

�
:

For a fixed integer w, suppose f� and fC are successive terms in Fw�1. For any two
1–bridge braids with inverse slopes s2; s2 2 .f�; fC/ there is an isotopy between them
[15, Section 3]. If s.
/ 2 .f�; fC/, the interval S.
/D Œf�; fC� is called the simple
interval of 
 . Two examples are shown in Figure 14, left.

For integers w and t satisfying gcd.w; t/D 1, the 1–bridge braid knot B.w; t=w; p; q/
is the .w; t/ torus knot in L.p; q/ defined in Section 2. Suppose f˙ D n˙=d˙, where
n˙ and d˙ are integers satisfying gcd.n˙; d˙/ D 1. If d˙ jw, then the 1–bridge
braid knot B.w; s.
/; p; q/ with s.
/ 2 .f�; fC/ is the .1;�w=d˙/ cable knot of the
.d˙; nw=d˙/ torus knot in L.p; q/, respectively; see [15, Section 3.1]. The braids
B.!; s.
// in the above two cases are called torus braids and cable braids, respectively.
In other cases, the braid B.w; s.
// is called a strict braid.
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Theorem 8.4 The 1–bridge braid knot B.w; s.
/; p; q/ is a simple knot if and only if
q=p 2 S.
/. In this case , it is the simple knot S.p; q; wq/.

Proof The sufficient part follows from the discussion before [15, Theorem 3.2]. Indeed,
the arc 
 can be isotoped to have the inverse slope q=p (if q=pD f˙, then let the slope
of 
 be f˙� � for small � > 0). Then the knot is the union of two arcs of slopes 0 and
q=p, respectively. Then it is straightforward to check that the knot is a simple knot.
Note that the knot is homologous to wq of the core of the filling solid torus. Thus, the
knot is S.p; q; wq/.

The necessary part for a strict braid is shown by [15, Theorem 3.2]. When B.w; s.
//
is not strict, the proof of [15, Theorem 3.2] still applies because d˙ <w.

Let us consider special cases of simple knots obtained from Theorem 8.4. Consider
examples of Farey sequences in (10). For w � 3, all simple knots are from torus braids.
For w � 4, all simple knots are from either torus braids or cable braids. For w � 4, the
union of the simple intervals for torus braids and cable braids are shown in Figure 14,
right, where red arcs represent torus braids (they are Berge–Gabai knots of type I;
see [12; 3; 2]), blue arcs represent .1;˙2/ cable braids (they are Berge–Gabai knots
of type II), and green arcs represent other cable braids.

Proof of Theorem 1.9 By Theorem 8.4, simple knots are 1–bridge braid knots. For
constrained knots that are not simple knots, we show C.p; q; l; u; 1/ is equivalent to a 1–
bridge braid knot. The case C.p; q; l; u;�1/D C.p; q; l; u; u�1/ is the mirror image
of C.p;�q; l; u; 1/ by Proposition 3.4 so is also equivalent to a 1–bridge braid knot.

The proof is inspired by Figure 15, left. Suppose .T 2; ˛1; ˇ1; z; w/ is the standard
diagram of C.p; q; l; u; 1/. By definition, the constrained knot is the union of two
arcs a and b connecting z to w in T 2 � ˛1 and T 2 � ˇ1, pushed slightly into the
˛1–handlebody and the ˇ1–handlebody, respectively. The arc a can be chosen as a
horizontal one, and there are infinitely many choices of isotopy classes of b on T 2. Let

i denote different choices of b for i 2Z. All choices induce equivalent knots because
they are isotopic in the ˇ1–handlebody.

Since there is only one rainbow for ˇ1, the arc 
i does not have any rainbows. For a
large integer i , the arc 
i can be isotoped to a straight line. Then 
i is transverse to
each meridian disk of the ˛1–handlebody and the union of a and 
i is a 1–bridge braid
in the ˛1–handlebody. Hence C.p; q; l; u; 1/ is equivalent to a 1–bridge braid knot.
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Figure 15: Arcs 
i for C.5; 3; 2; 3; 1/ (left) and 
0 for C.5; 3; 2; 3; 1/ in R2 (right).

It is possible to find the explicit formula of B.w.
i /; s/ in Theorem 1.9 as follows:

Suppose lifts of w in the universal cover R2 of T 2 are lattice points of Z2 as in
Figure 15, right. Then domains in Figure 15, left, lie in the narrow bands with dotted
boundaries in Figure 15, right. From the parametrization of the constrained knot, we
know C.p; q; l; u; 1/ is in L.p; q0/, where qq0 � 1 .mod p/. Then the slope of the
dotted boundaries is p=q0. Indeed, these boundaries are ˇ0 in the standard diagram
.T 2; ˛0; ˇ0/ of L.p; q0/.

Suppose

�D
qq0� 1

p
and � D

�
0 if l C q � p;
1 if l C q > p:

Suppose 
0 is the first arc that can be straightened in the lift of T 2�ˇ1. Suppose Dj
for j 2 Z=pZ are regions in the new diagram C mentioned in Section 3. The part of

i that lies in

Sp

iDlC1
Di and the disk bounded by the unique rainbow of ˇ1 around a

basepoint is called the part in the generalized rainbow. There are two parts of 
i in
generalized rainbows related to z and w.
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The parameter w.
i / is the same as j
i \˛1j. Thus

w.
i /Dp.u�3/C2.p� lC1/C.qC l�1�p�/Cpi Dp.u�1��C i/Cq� lC1;

where p.u� 3/C 2.p� lC 1/ is from parts of 
i in the two generalized rainbows and
.qC l � 1� p�/C pi is from the remaining part. Any lift of w in the left band in
Figure 15 has the coordinates

.�Cnq0; qCnp/ for some n 2 Z:

The closest lift of w near 
i other than .0; 0/ has the coordinates

.�Cn0q
0; qCn0p/ where n0 D .u� 1/=2� �C i:

It lies at a lift of the region Dl that intersects the endpoint of the part of 
i in the
generalized rainbow related to z. Thus, the inverse slope of 
i is

�Cn0q
0

qCn0p
� r

for a small rational number r .

In practice, for given parameters .p; q; l; u; 1/, it is possible to determine if a constrained
knot C.p; q; l; u; 1/ is from a torus braid or a cable braid. For example, consider
.l; u; v/D .2p�dp=qeqC 1; 3; 1/ and i D 0. Then

� D 1; n0 D 0 and ! D

�
1C

�
p

q

��
q�p:

The inverse slope is �=q� r . Suppose x D .1Cdp=qe/�� q0. Since

�

q
D
xC q0

wCp
;

the rational number x=w is in the simple interval S.
0/, ie 
0 is isotopic to the arc
with inverse slope x=w. Thus C.p; q; 2p�dp=qeqC 1; 3; 1/ is a torus knot. This is
consistent with the example from the magic link L.1; 0/ mentioned in Section 7.

9 SnapPy manifolds

A compact orientable manifold M with torus boundary is called a (hyperbolic) 1–
cusped manifold if the interior of M admits a hyperbolic metric of finite volume. All
1–cusped manifolds that have ideal triangulations with at most nine ideal tetrahedra are
included in SnapPy [7]. They are called SnapPy manifolds. In this section we explain
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the strategy used to study the relation between 1–cusped manifolds and constrained
knots by computer program. Code and results can be found in [45].

SupposeM is a 1–cusped manifold and suppose 
 is a simple closed curve on @M . The
pair .M; 
/ is called an exceptional filling if Dehn filling along 
 gives a nonhyperbolic
manifold M.
/. For such .M; 
/, the core of the filling solid torus induces a knot
inM.
/. The induced knotK.M; 
/ is called a SnapPy knot ifM is a SnapPy manifold.
Dunfield provided a census of exceptional fillings for SnapPy manifolds [9]. In this
census, there are 44 487 exceptional fillings .M; 
/, covering 38 056 different SnapPy
manifolds, for which M.
/ is a lens space.

Suppose M.
/D L.p; q/ and m is the meridian of K DK.M; 
/. If H1.M IZ/Š Z

and it is generated by t , then �.K/ D �K.t/=.1 � t / [42]. The Alexander poly-
nomial only depends on M and can be found in SnapPy. The Euler characteristic
�.1HFK.M.
/;K// can be calculated by Lemma 5.7. Suppose it is

P
ai t

i . Since

H1.M IZ/=.Œm�/ŠH1.M.
/IZ/Š Z=pZ;

we know Œm�D tp . Then �.1HFK.M.
/;K// can be decomposed into p polynomialsX
i�i0 .mod p/

ai t
i for i0 2 Œ0; p/:

Suppose
Fi0.t/D

X
i�i0 .mod p/

ai t
.i�i0/=p

and let fi .t/ be images of Fi .t/ in ZŒt �=˙ .t/. The exceptional filling .M; 
/ has n
form(s) if the set ffi .t/ j i 2 Œ0; p/g has n elements.

If Fi .t/ is a monomial for any i , then .M; 
/ has 1 form. By Theorem 1.6, the Euler
characteristic must be the same as the simple knot in the same homology class. Such
an .M; 
/ is called a simple filling. It does not necessarily induce a simple knot since
Conjecture 1.7 has not been proven yet.

For l D 1, the constrained knot C.p; q; l; u; v/ is not hyperbolic since it is satellite by
Theorem 7.14. If Fi .t/ is symmetric, coefficients of Fi .t/ are alternating for any i , and
.M; 
/ has 2 forms, then K might be a constrained knot C.p; q0; l; u; v/, where l > 1,
u > 1 and q0 �˙q˙1 .mod p/. As in the proof of the necessary part of Theorem 1.2,
a tuple of virtual parameters .l; u; v/ can be calculated by Fi .�1/. Conversely, given
.p; q0; l; u; v/, the characteristic of the corresponding constrained knot is given by
Theorem 4.6. If �.1HFK.K// is equivalent to �.1HFK.C.p; q0; l; u; v/// as elements
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in ZŒH1.M IZ/� for virtual parameters .l; u; v/, then .M; 
/ is called a constrained
filling. If symmetrized Alexander polynomials of K and C.p; q0; l; u; v/ are the same,
then .M; 
/ is called a general constrained filling. If H1.M IZ/ŠZ, then .M; 
/ is a
constrained filling if and only it is a general constrained filling.

If TorsH1.M IZ/ is nontrivial, then the Turaev torsion �.M/ can be calculated by
a presentation of �1.M/. SnapPy provides a presentation of �1.M/ and the related
words of the preferred meridian and the preferred longitude (they are not necessarily
the same as the meridian and the longitude mentioned in Section 2). By the filling
slope from Dunfield’s census, the homology class Œm� 2H1.M IZ/ is obtained. The
algorithm described above also works and definitions also apply to this case.

The code in [45] constructs complements of constrained knots in SnapPy by functions in
the Twister package. Then the function M.identify() in SnapPy tells us if the manifold
with a constrained filling is indeed the complement of a constrained knot. Mirror
manifolds are not distinguished here.

In Dunfield’s census, there are 16 355 simple fillings and 8537 constrained fillings,
covering 15 262 and 8508 SnapPy manifolds, respectively. All 15 262 and 8421 of
8508 SnapPy manifolds are complements of simple knots and constrained knots,
respectively. There are 1838 manifolds that are both complements of simple knots
and constrained knots with u > 1. Thus, there are 21 845 SnapPy manifolds that are
complements of constrained knots in lens spaces. Other than these manifolds, there are
77 SnapPy manifolds that are complements of 2–bridge knots, which are special cases
of constrained knots.

The choice of the slope in a constrained filling is subtle. For example, suppose
M D m003, and 
1 D .�1; 1/ and 
2 D .0; 1/ in the basis from SnapPy. Then
both M.
1/ and M.
2/ are diffeomorphic to L.5; 4/ and M is the complement of
C.5; 4; 5; 3; 1/. Indeed, there is an isometry of M sending 
1 to 
2. Both M.
1/ and
M.
2/ induce the same knot, C.5; 4; 5; 3; 1/. All nine pairs of slopes in Dunfield’s
census with this subtlety are from isometries, except the case where M D m172,

1 D .0; 1/ and 
2 D .1; 1/. Manifolds M.
1/ and M.
2/ are oppositely oriented
copies of the same lens space. The first slope induces S.49; 18; 7/ and the second
induces S.49; 18; 21/ (up to mirror image), which are not equivalent. This example
is interesting in the study of cosmetic surgery [4]. To summarize: the SnapPy knots
induced by 15 262C 8421D 23 683 constrained fillings in the above discussion are all
constrained knots.
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There are 87 SnapPy manifolds with constrained fillings that are not complements of
constrained knots. For such a manifold either the constrained knot with corresponding
virtual parameters is not hyperbolic, or there is another SnapPy manifold which is
the complement of the constrained knot with the same parameters. For example, the
manifold m390 has a constrained filling .1; 0/ with virtual parameters .7; 4; 7; 5; 2/,
while E.C.7; 4; 7; 5; 2// is diffeomorphic to s090.

If TorsH1.M IZ/ is nontrivial, then there are 54 general constrained fillings that are
not constrained fillings. For example, manifolds M1 Dm400 and M2 Dm141 satisfy

jTorsH1.Mi IZ/j D 2 and �Mi
.t/D t5� t4C t2C t�2� t�4C t�5 for i D 1; 2;

and M1(1,1)Š M2.�1; 1/ Š L.18; 13/. Both manifolds have general constrained
fillings, and M2 Š E.C.18; 3; 18; 3; 1//. Calculation shows .M1; .1; 1// is not a
constrained filling, ie the Euler characteristic of the induced knot is different from that
of C.18; 3; 18; 3; 1/.

For the exceptional manifolds in Proposition 1.10, manifolds m206 and m370 have
exceptional fillings with 2 forms and have virtual parameters .l; u; v/D .5; 5; 2/ and
.8; 5; 2/, respectively. Unfortunately, both exceptional fillings are not even general
constrained fillings. The manifold m390 is discussed above. For other 5–manifolds
there is no lens space filling (or even S1�S2 filling). It is harder to obtain information
in Heegaard Floer theory.

In the rest of this section we discuss the ways to obtain the genus and the fiberness of a
knot. The genera and fiberness of Snappy knots can also be found in [45].

Definition 9.1 Suppose K is a knot in Y D L.p; q/ and suppose

H1.E.K/IZ/Š Z˚Z=dZŠ ht; ri.dr/:

By the excision theorem, Poincaré duality and the universal coefficient theorem,

H2.Y;KIZ/ŠH2.E.K/;@E.K/IZ/ŠH
1.E.K/IZ/ŠHom.H1.E.K/IZ/;Z/ŠZ:

Suppose S is a connected, oriented and properly embedded surface representing the
generator of H2.E.K/; @E.K/IZ/. It is called a Seifert surface of K. Let the genus
g.K/ and the Thurston norm x.ŒS�/ be the minimum values of g.S/ and ��.S/ among
all Seifert surfaces, respectively.
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Definition 9.2 For a homogeneous element x of 1HFK.Y;K/, suppose

gr.x/D at C br 2H1.E.K/IZ/:

Let gr0.x/ be the number a. The width of 1HFK.Y;K/ is the maximum value
of jgr0.x/ � gr0.y/j among all pairs of homogeneous elements .x; y/. Suppose
homogeneous elements x0 and y0 satisfy

width 1HFK.Y;K/D jgr0.x0/� gr0.y0/j:

Suppose H.x0/ is the subgroup of 1HFK.Y;K/ generated by homogeneous elements
x satisfying gr0.x/D gr0.x0/. The top rank of 1HFK.Y;K/ is dimQH.x0/˝Q.

Theorem 9.3 [21; 27] Consider Y , K and S as in Definition 9.1 such that E.K/ is
irreducible. Suppose m is the meridian of K. Then the width of 1HFK.Y;K/ equals
x.ŒS�/CjŒm� � Œ@S�j, where Œm� � Œ@S� is the algebraic intersection number on @E.K/.

Proposition 9.4 Let Y , K and S be as in Definition 9.1. Suppose E.K/ is irreducible.
Suppose .m; l/ is the regular basis of K. Let n be the minimum number of boundary
components of a Seifert surface. Then jŒm� � Œ@S�j D p=d and nD gcd.d; p=d/. Thus ,

x.ŒS�/D width.1HFK.Y;K//� p
d

and g.K/D 1C
1

2

�
x.ŒS�/�

p

d

�
:

Proof Suppose ŒK�DkŒb�, where Œb� is a generator ofH1.Y IZ/. Since d Dgcd.p; k/,
the order of ŒK� in H1.Y IZ/ is p=d . By Poincaré duality and the universal coefficient
theorem, we have

H2.E.K/IZ/ŠH
1.E.K/; @E.K/IZ/Š Hom.H1.E.K/; @E.K//;Z/D 0:

By the long exact sequence from .E.K/; @E.K//, the boundary map

@� WH2.E.K/; @E.K/IZ/!H1.@E.K/IZ/

is injective and the image of @� is the same as the kernel of the map

i� WH1.@E.K/IZ/!H1.E.K/IZ/:

Since H1.E.K/IZ/=.Œm�/ŠH1.Y IZ/, we have Œ@S�D˙.xŒm�Cp=dŒl�/ for some
x 2 Z. Then jŒm� � Œ@S�j D p=d and nD gcd.x; p=d/.

Let Œm� and Œl � also denote their images in H1.E.K/IZ/. By Lemma 5.2, we have

Œm�D˙
�
p

d

�
t C ar and gcd

�
p

d
; d; a

�
D 1:
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Suppose Œl �DytCzr for some y; z2Z. Since Œ@S�2Ker.i�/, we know xaC.p=d/z is
divisible by d . Suppose n0D gcd.d; p=d/. Then gcd.n0; a/D 1 and n0 j xaC.p=d/z.
Thus n0 j x and n0 jn. Suppose l� is the homological longitude. Then nŒl��D Œ@S�
and the image of Œl�� in H1.E.K/IZ/ is wr for some w 2 Z. Thus n j d and n jn0.
This induces nD n0.

Theorem 9.5 [21; 26] Consider Y , K and S as in Definition 9.1 such that E.K/ is
irreducible. If the top rank of 1HFK.Y;K/ is 1, then K is fibered with the fiber S .

Proof Suppose Y.S/ is the balanced sutured manifold .N;�/, whereN DY�Int.S�I /
and � D @S � I . Lemma 3.9 and the proof of Theorem 1.5 in [21] imply that the rank
of SFH.Y.S// is the same as the top rank of 1HFK.Y;K/. Then Y.S/ is a product
sutured manifold by [21, Theorem 9.7], which implies K is fibered with fiber S .

References
[1] K L Baker, J E Grigsby, M Hedden, Grid diagrams for lens spaces and combinatorial

knot Floer homology, Int. Math. Res. Not. 2008 (2008) art. id. rnm024 MR Zbl

[2] J Berge, Some knots with surgeries yielding lens spaces, unpublished manuscript (1990)
arXiv 1802.09722

[3] J Berge, The knots inD2�S1 which have nontrivial Dehn surgeries that yieldD2�S1,
Topology Appl. 38 (1991) 1–19 MR Zbl

[4] S A Bleiler, C D Hodgson, J R Weeks, Cosmetic surgery on knots, from “Proceedings
of the Kirbyfest” (J Hass, M Scharlemann, editors), Geom. Topol. Monogr. 2, Geom.
Topol. Publ., (1999) 23–34 MR Zbl

[5] E J Brody, The topological classification of the lens spaces, Ann. of Math. 71 (1960)
163–184 MR Zbl

[6] G Burde, H Zieschang, Knots, 2nd edition, De Gruyter Studies in Mathematics 5, de
Gruyter, Berlin (2003) MR Zbl

[7] M Culler, N M Dunfield, J R Weeks, SnapPy, a computer program for studying the
topology of 3–manifolds Available at http://snappy.computop.org

[8] H Doll, A generalized bridge number for links in 3–manifolds, Math. Ann. 294 (1992)
701–717 MR Zbl

[9] N M Dunfield, A census of exceptional Dehn fillings, from “Characters in low-
dimensional topology” (O Collin, S Friedl, C Gordon, S Tillmann, L Watson, editors),
Contemp. Math. 760, Amer. Math. Soc., Providence, RI (2020) 143–155 MR Zbl

[10] N M Dunfield, Floer homology, group orderability, and taut foliations of hyperbolic
3–manifolds, Geom. Topol. 24 (2020) 2075–2125 MR Zbl

Algebraic & Geometric Topology, Volume 23 (2023)

http://dx.doi.org/10.1093/imrn/rnn024
http://dx.doi.org/10.1093/imrn/rnn024
http://msp.org/idx/mr/2429242
http://msp.org/idx/zbl/1168.57009
http://msp.org/idx/arx/1802.09722
http://dx.doi.org/10.1016/0166-8641(91)90037-M
http://msp.org/idx/mr/1093862
http://msp.org/idx/zbl/0725.57001
http://dx.doi.org/10.2140/gtm.1999.2.23
http://msp.org/idx/mr/1734400
http://msp.org/idx/zbl/0948.57017
http://dx.doi.org/10.2307/1969884
http://msp.org/idx/mr/116336
http://msp.org/idx/zbl/0119.18901
http://dx.doi.org/10.1515/9783110198034
http://msp.org/idx/mr/1959408
http://msp.org/idx/zbl/1009.57003
http://snappy.computop.org
http://dx.doi.org/10.1007/BF01934349
http://msp.org/idx/mr/1190452
http://msp.org/idx/zbl/0757.57012
http://dx.doi.org/10.1090/conm/760/15289
http://msp.org/idx/mr/4193924
http://msp.org/idx/zbl/1460.57021
http://dx.doi.org/10.2140/gt.2020.24.2075
http://dx.doi.org/10.2140/gt.2020.24.2075
http://msp.org/idx/mr/4173927
http://msp.org/idx/zbl/1469.57020


Constrained knots in lens spaces 1165

[11] S Friedl, A Juhász, J Rasmussen, The decategorification of sutured Floer homology,
J. Topol. 4 (2011) 431–478 MR Zbl

[12] D Gabai, Surgery on knots in solid tori, Topology 28 (1989) 1–6 MR Zbl

[13] D Gabai, 1–bridge braids in solid tori, Topology Appl. 37 (1990) 221–235 MR Zbl

[14] H Goda, H Matsuda, T Morifuji, Knot Floer homology of .1; 1/–knots, Geom. Dedi-
cata 112 (2005) 197–214 MR Zbl

[15] J E Greene, S Lewallen, F Vafaee, .1; 1/ L-space knots, Compos. Math. 154 (2018)
918–933 MR Zbl

[16] J Hanselman, J Rasmussen, L Watson, Bordered Floer homology for manifolds with
torus boundary via immersed curves, preprint (2016) arXiv 1604.03466

[17] J Hanselman, J Rasmussen, L Watson, Heegaard Floer homology for manifolds with
torus boundary: properties and examples, Proc. Lond. Math. Soc. 125 (2022) 879–967
MR

[18] C Hayashi, Satellite knots in 1–genus 1–bridge positions, Osaka J. Math. 36 (1999)
711–729 MR Zbl

[19] M Hedden, On Floer homology and the Berge conjecture on knots admitting lens space
surgeries, Trans. Amer. Math. Soc. 363 (2011) 949–968 MR Zbl

[20] A Juhász, Holomorphic discs and sutured manifolds, Algebr. Geom. Topol. 6 (2006)
1429–1457 MR Zbl

[21] A Juhász, Floer homology and surface decompositions, Geom. Topol. 12 (2008) 299–
350 MR Zbl

[22] R Lipshitz, P Ozsvath, D Thurston, Bordered Heegaard Floer homology: invariance
and pairing, preprint (2008) arXiv 0810.0687

[23] C Manolescu, P Ozsváth, On the Khovanov and knot Floer homologies of quasi-
alternating links, from “Proceedings of Gökova Geometry–Topology Conference 2007”,
GGT, Gökova (2008) 60–81 MR Zbl

[24] B Martelli, C Petronio, Dehn filling of the “magic” 3–manifold, Comm. Anal. Geom.
14 (2006) 969–1026 MR Zbl

[25] K Murasugi, Knot theory and its applications, Birkhäuser, Boston, MA (1996) MR
Zbl

[26] Y Ni, Knot Floer homology detects fibred knots, Invent. Math. 170 (2007) 577–608
MR Zbl

[27] Y Ni, Link Floer homology detects the Thurston norm, Geom. Topol. 13 (2009) 2991–
3019 MR Zbl

[28] P Ozsváth, Z Szabó, Heegaard Floer homology and alternating knots, Geom. Topol. 7
(2003) 225–254 MR Zbl

[29] P Ozsváth, Z Szabó, Holomorphic disks and knot invariants, Adv. Math. 186 (2004)
58–116 MR Zbl

Algebraic & Geometric Topology, Volume 23 (2023)

http://dx.doi.org/10.1112/jtopol/jtr007
http://msp.org/idx/mr/2805998
http://msp.org/idx/zbl/1270.57041
http://dx.doi.org/10.1016/0040-9383(89)90028-1
http://msp.org/idx/mr/991095
http://msp.org/idx/zbl/0678.57004
http://dx.doi.org/10.1016/0166-8641(90)90021-S
http://msp.org/idx/mr/1082933
http://msp.org/idx/zbl/0817.57006
http://dx.doi.org/10.1007/s10711-004-5403-2
http://msp.org/idx/mr/2163899
http://msp.org/idx/zbl/1081.57011
http://dx.doi.org/10.1112/S0010437X17007989
http://msp.org/idx/mr/3798589
http://msp.org/idx/zbl/1396.57007
http://msp.org/idx/arx/1604.03466
http://dx.doi.org/10.1112/plms.12473
http://dx.doi.org/10.1112/plms.12473
http://msp.org/idx/mr/4500201
http://projecteuclid.org/euclid.ojm/1200788735
http://msp.org/idx/mr/1740829
http://msp.org/idx/zbl/0953.57003
http://dx.doi.org/10.1090/S0002-9947-2010-05117-7
http://dx.doi.org/10.1090/S0002-9947-2010-05117-7
http://msp.org/idx/mr/2728591
http://msp.org/idx/zbl/1229.57006
http://dx.doi.org/10.2140/agt.2006.6.1429
http://msp.org/idx/mr/2253454
http://msp.org/idx/zbl/1129.57039
http://dx.doi.org/10.2140/gt.2008.12.299
http://msp.org/idx/mr/2390347
http://msp.org/idx/zbl/1167.57005
http://msp.org/idx/arx/0810.0687
http://gokovagt.org/proceedings/2007/ggt07-manolescu-ozsvath.pdf
http://gokovagt.org/proceedings/2007/ggt07-manolescu-ozsvath.pdf
http://msp.org/idx/mr/2509750
http://msp.org/idx/zbl/1195.57032
http://dx.doi.org/10.4310/CAG.2006.v14.n5.a6
http://msp.org/idx/mr/2287152
http://msp.org/idx/zbl/1118.57018
http://dx.doi.org/10.1007/978-0-8176-4719-3
http://msp.org/idx/mr/1391727
http://msp.org/idx/zbl/0864.57001
http://dx.doi.org/10.1007/s00222-007-0075-9
http://msp.org/idx/mr/2357503
http://msp.org/idx/zbl/1138.57031
http://dx.doi.org/10.2140/gt.2009.13.2991
http://msp.org/idx/mr/2546619
http://msp.org/idx/zbl/1203.57005
http://dx.doi.org/10.2140/gt.2003.7.225
http://msp.org/idx/mr/1988285
http://msp.org/idx/zbl/1130.57303
http://dx.doi.org/10.1016/j.aim.2003.05.001
http://msp.org/idx/mr/2065507
http://msp.org/idx/zbl/1062.57019


1166 Fan Ye

[30] P Ozsváth, Z Szabó, Holomorphic disks and three-manifold invariants: properties and
applications, Ann. of Math. 159 (2004) 1159–1245 MR Zbl

[31] P Ozsváth, Z Szabó, Holomorphic disks and topological invariants for closed three-
manifolds, Ann. of Math. 159 (2004) 1027–1158 MR Zbl

[32] P Ozsváth, Z Szabó, Knot Floer homology, genus bounds, and mutation, Topology
Appl. 141 (2004) 59–85 MR Zbl

[33] P S Ozsváth, Z Szabó, Knot Floer homology and rational surgeries, Algebr. Geom.
Topol. 11 (2011) 1–68 MR Zbl

[34] I Petkova, Cables of thin knots and bordered Heegaard Floer homology, Quantum
Topol. 4 (2013) 377–409 MR Zbl

[35] J A Rasmussen, Floer homology of surgeries on two-bridge knots, Algebr. Geom.
Topol. 2 (2002) 757–789 MR Zbl

[36] J A Rasmussen, Floer homology and knot complements, PhD thesis, Harvard University
(2003) MR arXiv math/0306378

[37] J Rasmussen, Knot polynomials and knot homologies, from “Geometry and topology
of manifolds” (H U Boden, I Hambleton, A J Nicas, B D Park, editors), Fields Inst.
Commun. 47, Amer. Math. Soc., Providence, RI (2005) 261–280 MR Zbl

[38] J Rasmussen, Lens space surgeries and L-space homology spheres, preprint (2007)
arXiv 0710.2531

[39] J Rasmussen, S D Rasmussen, Floer simple manifolds and L-space intervals, Adv.
Math. 322 (2017) 738–805 MR Zbl

[40] SageMath, version 9.0 Available at https://www.sagemath.org

[41] H Schubert, Knoten mit zwei Brücken, Math. Z. 65 (1956) 133–170 MR Zbl

[42] V Turaev, Torsions of 3–dimensional manifolds, Progr. Math. 208, Birkhäuser, Basel
(2002) MR Zbl

[43] F Waldhausen, On irreducible 3–manifolds which are sufficiently large, Ann. of Math.
87 (1968) 56–88 MR Zbl

[44] M J Williams, On nonsimple knots in lens spaces with tunnel number one, preprint
(2009) arXiv 0908.1765

[45] F Ye, data and code to accompany this paper, Harvard Dataverse (2020) Available at
https://doi.org/10.7910/DVN/GLFLHI

Department of Pure Mathematics and Mathematical Statistics, University of Cambridge
Cambridge, United Kingdom

fy260@cam.ac.uk

Received: 8 July 2020 Revised: 1 July 2021

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

http://dx.doi.org/10.4007/annals.2004.159.1159
http://dx.doi.org/10.4007/annals.2004.159.1159
http://msp.org/idx/mr/2113020
http://msp.org/idx/zbl/1081.57013
http://dx.doi.org/10.4007/annals.2004.159.1027
http://dx.doi.org/10.4007/annals.2004.159.1027
http://msp.org/idx/mr/2113019
http://msp.org/idx/zbl/1073.57009
http://dx.doi.org/10.1016/j.topol.2003.09.009
http://msp.org/idx/mr/2058681
http://msp.org/idx/zbl/1052.57012
http://dx.doi.org/10.2140/agt.2011.11.1
http://msp.org/idx/mr/2764036
http://msp.org/idx/zbl/1226.57044
http://dx.doi.org/10.4171/QT/43
http://msp.org/idx/mr/3134023
http://msp.org/idx/zbl/1284.57014
http://dx.doi.org/10.2140/agt.2002.2.757
http://msp.org/idx/mr/1928176
http://msp.org/idx/zbl/1013.57020
http://msp.org/idx/mr/2704683
http://msp.org/idx/arx/math/0306378
http://dx.doi.org/10.1007/bf01579132
http://msp.org/idx/mr/2189938
http://msp.org/idx/zbl/1095.57016
http://msp.org/idx/arx/0710.2531
http://dx.doi.org/10.1016/j.aim.2017.10.014
http://msp.org/idx/mr/3720808
http://msp.org/idx/zbl/1379.57024
https://www.sagemath.org
http://dx.doi.org/10.1007/BF01473875
http://msp.org/idx/mr/82104
http://msp.org/idx/zbl/0071.39002
http://dx.doi.org/10.1007/978-3-0348-7999-6
http://msp.org/idx/mr/1958479
http://msp.org/idx/zbl/1012.57002
http://dx.doi.org/10.2307/1970594
http://msp.org/idx/mr/224099
http://msp.org/idx/zbl/0157.30603
http://msp.org/idx/arx/0908.1765
https://doi.org/10.7910/DVN/GLFLHI
https://doi.org/10.7910/DVN/GLFLHI
mailto:fy260@cam.ac.uk
http://msp.org
http://msp.org


ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre@math.gatech.edu

Georgia Institute of Technology

Kathryn Hess
kathryn.hess@epfl.ch

École Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner University of Virginia
jeb2md@eservices.virginia.edu

Steven Boyer Université du Québec à Montréal
cohf@math.rochester.edu

Tara E. Brendle University of Glasgow
tara.brendle@glasgow.ac.uk

Indira Chatterji CNRS & Université Côte d’Azur (Nice)
indira.chatterji@math.cnrs.fr

Alexander Dranishnikov University of Florida
dranish@math.ufl.edu
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